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a b s t r a c t

Analyzing hysteretic systems presents a significant challenge due to the memory effect of hysteresis. In
this paper we present an incremental harmonic balance (IHB)-based approach to compute the steady-
state response of a closed-loop systemwith hysteresis under a sinusoidal excitation, where the hysteresis
element is modeled by the Prandtl–Ishlinskii (PI) operator. While the describing function method (DFM)
can be used to obtain an approximate solution for the closed-loop system based on first-order harmonics,
the proposed IHB-based approach iteratively calculates the harmonic components of the hysteretic
system up to an arbitrary order. The main challenge is the harmonic calculation of the periodic output
of the PI operator for a multi-harmonic input. In order to address this problem, an alternative definition
of the play operator is utilized as the hysteron for the PI operator. By using the alternative definition, a set
of switching time instants, when the play operator enters or exits the boundary region, are determined
by a bisection method. The calculation of the incremental harmonic components is finally reformulated
as a linear matrix equality that can be solved efficiently. As an illustration, numerical results for a system
involving a proportional–integral feedback controller are presented to demonstrate the advantage of the
IHB-based approach over the DFM in approximating the harmonic response of the hysteretic system.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Modeling and control of hysteretic systems has gained signifi-
cant attention over the past several decades (Janaideh, Rakoton-
drabe, & Tan, 2016; Tan & Iyer, 2009). One reason for the rapid
development is the wide application of smart materials, which
exhibit considerable hysteretic behaviors (Bertotti & Mayergoyz,
2005; Smith, 2005). Another important reason is the hysteretic
stiction from which many control valves in industrial processes
suffer; as a result, modeling, detection, quantification, and com-
pensation of control valve stiction have been active research topics
recently (Choudhury, Shah, & Thornhill, 2008; Jelali & Huang,
2010). On the modeling side, one effective model for these sys-
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tems takes a Hammerstein structure consisting of a hysteresis
operator followed by a linear subsystem (Fang & Wang, 2015;
Hsu & Ngo, 1997; Iyer & Tan, 2009). Several hysteresis operators
are often adopted, including the Preisach operator (Tan & Baras,
2004), the Prandtl–Ishlinskii (PI) operator (Janaideh, Rakheja, & Su,
2009; Kuhnen, 2003), and the Preisach–Krasnosel’skii–Pokrovskii
(PKP) operator (Riccardi, Naso, Janocha, & Turchiano, 2012;Webb,
Lagoudas, & Kurdila, 1998), each of which is based on a weighted
superposition of elementary hysteretic operators. On the control
side, a popular control scheme is to construct an inverse hystere-
sis operator to compensate the hysteresis effect and to design a
feedback controller to deal with the inversion error and remaining
dynamics (Iyer & Tan, 2009; Kuhnen, 2003). In order to deal with
sticky control valves, the knocker method (Hägglund, 2002), the
constant reinforcementmethod (Ivan& Lakshminarayanan, 2009),
the two-movementmethod (Cuadros,Munaro, &Munareto, 2012),
and the controller tuning method (Mohammad & Huang, 2012)
have been formulated.

Compared with the extensive work on modeling and control
of systems with hysteresis, analysis for such systems is relatively
limited (Cavallo, Natale, abd Pirozzi, & Visone, 2005; Edardar, Tan,
& Khalil, 2014; Esbrook, Tan, & Khalil, 2014; Macki, Nistri, & Zecca,
1992). A major challenge is the memory effect, a key feature of
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Fig. 1. Configuration of a nonlinear closed-loop system with hysteresis.

hysteresis, which results in complicated dynamic behaviors and
significantly hinders the extension of analysis tools for systems
with static nonlinearities (Brokate & Sprekels, 1996; Mayergoyz,
2003). An existing method for analyzing hysteretic systems is the
describing function method (DFM) (Gelb & Velde, 1968), which
utilizes the fundamental harmonic approximation of the periodic
signals. However, the DFM is only effective when the hysteresis
is weak; for systems with pronounced hysteresis, the accuracy
of DFM drops quickly due to the influence of the higher-order
harmonics (Mickens, 1984).

In this work, we present a novel approach to computing the
frequency response of a closed-loop system with hysteresis. A
key element of our approach is the extension of an incremental
harmonic balance (IHB) method (Chen, Liu, & Meng, 2012; Shen,
Yang, & Liu, 2006). The IHBmethod is an iterative algorithm,where
the input to the nonlinearity of concern is assumed to consist of a
series of harmonics, and the corresponding change in the output
of the nonlinearity, due to an increment in the input harmonics, is
computed via a first-order Taylor approximation. The IHB method
has been used in analyzing systemswith static nonlinearities, such
as cubic polynomials (Chen et al., 2012) and dead zones (Shen
et al., 2006); however, the memory effect of hysteresis makes the
extension of the IHB method to hysteresis systems challenging.
To the best of our knowledge, this paper is the first attempt to
extend the IHB method to the harmonic analysis of hysteretic
systems.

We consider the PI operator as the hysteresis model, which
is a weighted superposition of multiple play operators. The PI
operator and its extension have been widely utilized in control
of hysteretic systems (Chen, Hisayama, & Su, 2009; Chen, Ren,
& Zhong, 2016; Huang, Zhang, & Zhang, 2016; Janaideh & Kreji,
2013; Liu, Su, & Li, 2014; Riccardi, Naso, Turchiano, & Janocha,
2013; Shan& Leang, 2012;Wang&Su, 2006). Themain challenge in
extending the original IHBmethod to systems with a PI operator is
the calculation of the periodic output of a PI operator for a multi-
harmonic input. In order to address this problem, we exploit the
results in Esbrook and Tan (2012), namely, the output of the play
operator is described as a function of its input and a series of pulse
waves determined by a set of switching time instants when the
play operator enters or exits the interior region.With the switching
time instants determined with a bisection method, the calculation
of the incremental harmonic components is finally reformulated
as a linear matrix equality that can be solved efficiently. Numerical
results demonstrate that the performance of the proposed IHB-
based approach is almost independent of the hysteresis sever-
ity, while the DFM deteriorates quickly as the hysteresis severity
increases.

A preliminary study of this paperwas presented as a conference
paper (Fang, Wang, & Tan, 2016), where the hysteresis element
is modeled by one single play operator. This paper extends the
preliminary study to the PI hysteresis operator, so that the tech-
nical complexity is much higher. In addition, the proposed IHB-
based approach is more complete, e.g., new steps are provided to
determine the harmonic order.

The rest of this paper is organized as follows. Section 2 describes
the problem to be solved. The details of the proposed IHB-based
approach are presented in Section 3, while the DFM is briefly
revisited in Appendix A. Numerical results are given in Section 4 to

illustrate the effectiveness of the proposed approach. Concluding
remarks are provided in Section 5.

2. Problem formulation

Consider a closed-loop system shown in Fig. 1, where a hystere-
sis operatorΓ [u;m(0)](·) is sandwiched by two linear components
L1(s) and L2(s). Generally, L1(s) can represent a controller, while
L2(s) may stand for the controlled linear dynamics. The signals
yr (t), e(t), u(t), m(t), and y(t) denote the reference, control error,
hysteresis input, hysteresis output, and system output, respec-
tively. Here t is an nonnegative integer standing for the sampling
index. In general, linear controllers are preferred owing to their
simplicities in terms of design, parameter tuning andmaintenance.
Thus, more than 95% of industrial control loops use proportional–
integral–differential controllers (Aström&Hägglund, 2006).When
a hysteresis arises, e.g., when control valves become sticky as the
time in service grows, a natural question is how much the perfor-
mance of linear controllers is negatively affected by the hysteresis.
If the effect is minor, then linear controllers are still preferred. To
answer the question, a basic step is to perform some theoretical
analysis including the harmonic analysis on the closed-loop system
as represented in Fig. 1 with a linear controller L1(s).

The hysteresisΓ is assumed to be a classical PI operator consist-
ing of a weighted superposition of basic hysterons called play op-
erators. For a play operator Pr with an initial conditionmr (0), when
its input u(t) is continuous and monotone, the output mr (t) =

Pr [u;mr (0)](t) is

Pr [u;mr (0)](t) = max{min{u(t) + r,mr (t − 1)}, u(t) − r},

where r > 0 stands for the play radius. For a general continuous
input, the input signal is broken into monotone segments, and
the output is then calculated by setting the last output of one
monotone segment as the initial condition for the next. Then, a
finite-dimensional PI operator can be represented as

Γ [u;m(0)](t) =

N∑
i=0

θiPri [u;mi(0)](t) = θTPr[u;m(0)](t), (1)

where the play radii of the N + 1 play operators satisfy 0 = r0 <

r1 < · · · < rN < ∞, and θi is the weighting of the play operator
Pri . Moreover, θ ≜ [θ0, θ1, · · · , θN ]

T , r ≜ [r0, r1, · · · , rN ]
T , m(t) ≜

[m0(t),m1(t), · · · ,mN (t)]T , and Pr ≜ [Pr0 , Pr1 , · · · , PrN ]
T . Since the

play outputmi(t) represents the state of the play operator Pri at the
time instant t , the vector m(0) stands for the initial state of the PI
operator.

Assume that the reference signal yr (t) is a sinusoid

yr (t) = Ayr sin(ωt). (2)

Assume also that the input u(t) of the PI operator Γ has an am-
plitude Au larger than the largest play radius rN , which ensures
a contraction property for the play operators and enables the
independence of the 2π/ω-periodic steady-state output of the PI
operator from its initial state (Tan & Khalil, 2009). The objective
of this paper is to compute the steady-state responses of u(t),m(t)
and y(t) in Fig. 1 under the sinusoidal reference yr (t) in (2).

3. The proposed IHB-based approach

This section proposes the IHB-based approach for the harmonic
analysis of the system in Fig. 1.
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Υ (t) ≜ Ayr sin(ωt)  
≜ Υ1(t)

−

NH∑
n=1

Aun

|L1(jnω)|
sin

[
nωt + φun − L1(jnω)

]
  

≜ Υ2(t)

−

NH∑
n=1

∆Aun

|L1(jnω)|
sin

[
nωt + ∆φun − L1(jnω)

]
  

≜ Υ3(t)

−

NH∑
n=1

N∑
i=0

θiAi
mn

|L2(jnω)|sin
[
nωt + φi

mn
+ L2(jnω)

]
  

≜ Υ4(t)

−

NH∑
n=1

N∑
i=0

θiP ′

ri [u;mi(0)](t)∆Aun |L2(jnω)|sin
[
nωt + ∆φun + L2(jnω)

]
  

≜ Υ5(t)

≜

5∑
n=1

Υn(t) = 0. (9)

Box I.

3.1. Extension of the IHB method

Under the reference signal yr (t) in (2), the hysteresis input u(t)
is captured by incorporating higher-order harmonics

u(t) =

NH∑
n=1

Aun sin(nωt + φun )

=

NH∑
n=1

[aun sin(nωt) + bun cos(nωt)], (3)

where NH stands for the truncation order of the harmonics, and
aun ≜ Aun cosφun and bun ≜ Aun sinφun . Note that the DC coefficient
Au0 is zero due to the odd symmetry of the PI operator, and is
thus not present in (3). Accordingly, define a sufficiently small
increment in u(t) as

∆u(t) =

NH∑
n=1

∆Aun sin(nωt + ∆φun )

=

NH∑
n=1

[∆aun sin(nωt) + ∆bun cos(nωt)], (4)

where ∆aun ≜ ∆Aun cos∆φun and ∆bun ≜ ∆Aun sin∆φun with the
conditions |∆aun | ≪ |aun | and |∆bun | ≪ |bun |.

The IHB method is an iterative algorithm. At each iteration,
the next input is the summation of the current input (3) and
the sufficiently small input increment (4). The input increment
(4) is computed via an incremental harmonic balance technique
introduced in the next subsection. The next input has the same
form with the current input (3), since all the involved signals are
series of harmonics up to the order NH . This iteration continues
until some convergence criterion is met.

Under the input u(t)+∆u(t), expanding the outputmi(t) of the
play operator Pri into a first-order Taylor series, one can obtain

Pri [u + ∆u;mi(0)](t) ≈ Pri [u;mi(0)](t) + P ′

ri [u;mi(0)](t)∆u(t) (5)

where the symbol P ′
ri [u;mi(0)](t) stands for the derivative of the

play operator Pri with respect to its input u, instead of the time
variable t (Esbrook et al., 2014). That is,

P ′

ri [u;mi(0)](t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, if Pri [u;mi(0)](t) ∈

∏
i

,

0, if Pri [u;mi(0)](t) ∈

c∏
i

.

(6)

Here
∏

i stands for the boundary region of the play operator Pri ,
where mi(t) = u(t) ± ri, and

∏c
i is its complement, namely, the

interior region, wheremi(t) is constant.

Two cases are involved in the approximation (5). First, when
both Pri [u;mi(0)](t) and Pri [u+ ∆u;mi(0)](t) stay in the boundary
or interior region, we have a strict equality Pri [u+ ∆u;mi(0)](t) =

Pri [u;mi(0)](t) + P ′
ri [u;mi(0)](t)∆u(t). The second case is that one

of them is in the interior region while the other is in the boundary
region. In this case, the discontinuities of P ′

ri at the switching
time instants have a negligible impact, because the switching time
instants have a Lebesgue measure of zero (Bogachev, 2007), and
the input increments are very small, i.e., |∆aun | ≪ |aun | and
|∆bun | ≪ |bun |. This statement is also supported by the numerical
results in Section 4 later, where the signals u(t), m(t) and y(t)
are overlapped with their estimates from the proposed IHB-based
approach developed from this approximation.

With the approximation (5) for the play operator, we can ob-
tain the first-order Taylor approximation for the output of the PI
operator,

Γ [u + ∆u;m(0)](t) ≈ Γ [u;m(0)](t)

+

N∑
i=0

θiP ′

ri [u;mi(0)](t)∆u(t). (7)

In order to continue the harmonic analysis, we expand the play
operator outputmi(t) into NH harmonics,

mi(t) ≈

NH∑
n=1

Ai
mn

sin(nωt + φi
mn

)

=

NH∑
n=1

[aimn
sin(nωt) + bimn

cos(nωt)], (8)

with aimn
≜ Ai

mn
cos(φi

mn
) and bimn

≜ Ai
mn

sin(φi
mn

). In (8) the su-
perscript i stands for the variables for the ith play operator. Since
the components L1(s) and L2(s) are linear systems and satisfy
the principle of superposition, a new equation (9) (see Box I) is
obtained from yr (t) − e(t) − y(t) = 0. In (9), the second term
Υ2(t) and the third term Υ3(t) deal with the harmonics in e(t)
passing through L1(s) and generating u(t) in (3) and ∆u(t) in (4),
respectively, while the last two terms Υ4(t) and Υ5(t) result from
Γ [u + ∆u;m(0)](t) in (7) passing through L2(s).

The Galerkin’s procedure (Fletcher, 2012) is utilized to balance
the coefficients on the terms sin(nωt) and cos(nωt) in (9), n =

1, . . . ,NH , i.e., Υ (t) in (9) is required to be orthogonal to the basis
functions sin(kωt) and cos(kωt) in the following sense:∫ 2π

0
Υ (t) sin(kωt)d(ωt) =0, (10a)∫ 2π

0
Υ (t) cos(kωt)d(ωt) =0, (10b)
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Aun

|L1(jnω)|
cos

[
φun − L1(jnω)

]
+

∆Aun

|L1(jnω)|
cos

[
∆φun − L1(jnω)

]
+

N∑
i=0

θiAi
mn

|L2(jnω)|cos
[
φi
mn

+ L2(jnω)
]

+
1
π

N∑
i=0

θi

NH∑
k=1

∫ 2π

ωt=0
P ′

ri [u;mi(0)](t)∆Auk |L2(jkω)|sin
[
kωt + ∆φuk + L2(jkω)

]
sin(nωt)d(ωt) = Ayr δ1n, (12a)

Aun

|L1(jnω)|
sin

[
φun − L1(jnω)

]
+

∆Aun

|L1(jnω)|
sin

[
∆φun − L1(jnω)

]
+

N∑
i=0

θiAi
mn

|L2(jnω)|sin
[
φi
mn

+ L2(jnω)
]

+
1
π

N∑
i=0

θi

NH∑
k=1

∫ 2π

ωt=0
P ′

ri [u;mi(0)](t)∆Auk |L2(jkω)|sin
[
kωt + ∆φuk + L2(jkω)

]
cos(nωt)d(ωt) = 0. (12b)

Box II.

with k = 1, . . . ,NH . With the orthogonality property of the
trigonometric functions,∫ 2π

0
sin(ix) sin(jx)dx =

{
0, if i ̸= j,
π, if i = j, (11a)∫ 2π

0
cos(ix) cos(jx)dx =

{
0, if i ̸= j,
π, if i = j, (11b)∫ 2π

0
sin(ix) cos(jx)dx = 0, ∀i, j, (11c)

we have∫ 2π

0
Υ1(t) sin(kωt)d(ωt) = πAyr δ1n,∫ 2π

0
Υ1(t) cos(kωt)d(ωt) = 0,

where δij is a Kronecker delta function, that is, δij = 1, if i = j;
otherwise, δij = 0. The calculation on the term Υ2(t) is∫ 2π

0
Υ2(t) sin(kωt)d(ωt)

=

∫ 2π

0

NH∑
n=1

Aun

|L1(jnω)|

{
sin(nωt) cos

[
φun − L1(jnω)

]
+ cos(nωt) sin

[
φun − L1(jnω)

]}
sin(kωt)d(ωt)

=
πAun

|L1(jnω)|
cos

[
φun − L1(jnω)

]
,∫ 2π

0
Υ2(t) cos(kωt)d(ωt)

=

∫ 2π

0

NH∑
n=1

Aun

|L1(jnω)|

{
sin(nωt) cos

[
φun − L1(jnω)

]
+ cos(nωt) sin

[
φun − L1(jnω)

]}
cos(kωt)d(ωt)

=
πAun

|L1(jnω)|
sin

[
φun − L1(jnω)

]
.

The terms Υ3(t) and Υ4(t) share the similar derivation, while the
integrals on Υ5(t) simply hold. The final update from (10) is shown
in (12) (see Box II) for n = 1, 2, . . . ,NH .

3.2. Solution of input increments

Given the current input u(t) in (3), the unknown input incre-
ment∆u(t) in (4) has to be calculated to updateu(t). Themain chal-
lenge in solving (12) for the unknown parameters ∆Aun and ∆φun

consisting the input increment ∆u(t) is the calculation of the un-
known harmonic parameters Ai

mn
andφi

mn
in (8) and P ′

ri [u;mi(0)](t)
in (5) for a known multi-harmonic sinusoid u(t) in (3). In order to
calculate these quantities from u(t), we have to access the time
instants when the play operator switches between the boundary
and interior regions. For this purpose, the alternative definition of
the play operator in Esbrook and Tan (2012) is utilized. The output
mi(t) of the play operator Pri is described as

mi(t) =
[
u(t) + P i

1(t)
]
P i
2(t) + P i

3(t),

where the pulse wave signals P i
1, P

i
2 and P i

3 are defined as

P i
1(t) = −ri {sgn[u̇(t)]} ,

P i
2(t) =

{
0, t ∈ [t ij0 , t

i
j1 ),

1, t ∈ [t ij1 , t
i
(j+1)0 ),

P i
3(t) =

⎧⎨⎩u(t ij0 ) + ri
{
sgn[u̇(t i−j0 )]

}
, t ∈ [t ij0 , t

i
j1 ),

0, t ∈ [t ij1 , t
i
(j+1)0 ),

with j = 1, 2, . . . . The symbols t ij0 and t ij1 are defined as follows.
First, assume that under the initial state of u(t), all play operators
are in the boundary region. Then, the time instant t ij0 represents the
time instant when the output mi(t) of the play operator Pri exits
from a boundary region and goes into the interior region, that is
Eqs. (12a) and (12b) are given in Box II,

u′(t ij0 ) = 0, sgn(u′(t i−j0 )) ̸= sgn(u′(t i+j0 )), t ij0 > t i(j−1)1 , (13)

and t ij1 is the time instant that the play operator Pri moves out of the
interior region, which can be divided into two cases. The first one
is that the play operator exits from the boundary region opposite
from the one that it entered, namely,

|u(t ij0 ) − u(t ij1 )| ≥ 2ri, t ij1 ≥ t ij0 . (14)

Another one is that the play operator Pri exists from the same
boundary region as the one that it entered, namely,

sgn(u̇(t i+j0 ))u(t ij1 ) < sgn(u̇(t i+j0 ))u(t ij0 ), t ij1 ≥ t ij0 . (15)

Note that the calculation of the switching time instant series t ij0
and t ij1 is strongly based on the detailed values of u(t), and has to be
numerical. Given the discrete time series for one sinusoidal period,
the time instants t ij0 and t ij1 satisfying (13)–(15) are searched by a
bisection method (Esbrook & Tan, 2012).

During one period t ∈ [0, 2π/ω], denote t i0 ≜ 0 and t iM+1 ≜

2π/ω, and define t ij as the time instant when the play operator
Pri switches between the interior and boundary regions. Define



52 L. Fang et al. / Automatica 88 (2018) 48–56

H(t ij ) as the derivative of the play operator Pri in the time interval
[t ij , t

i
j+1],

H(t ij ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, if ∀t ∈ [t ij , t

i
j+1), Pri [u;mi(0)](t) ∈

∏
i

,

0, if ∀t ∈ [t ij , t
i
j+1), Pri [u;mi(0)](t) ∈

c∏
i

,

(16)

where i = 0, 1, . . . ,N , and j = 0, 1, 2, . . . ,M . After necessary
cosine expansion deduction from (12), we can derive a linear
matrix equality[
C11 C12
C21 C22

][
∆au
∆bu

]
=

[
R1
R2

]
. (17)

Here ∆au ≜ [∆au1 , · · · , ∆auNH ]
T , and ∆bu ≜ [∆bu1 , · · · , ∆buNH ]

T .
The (n, k)th element of the square coefficient matrix Cij, denoted
as Cij(n, k), is obtained as

C11(n, k) =
1
π

N∑
i=0

θi

M∑
m=0

H(t im)[A
i
kn(T

i
m, T i

m+1)aL2 (k)

+ Bi
kn(T

i
m, T i

m+1)bL2 (k)] + a−

L1
(n)δnk,

C12(n, k) =
1
π

N∑
i=0

θi

M∑
m=0

H(t im)[B
i
kn(T

i
m, T i

m+1)aL2 (k)

− Ai
kn(T

i
m, T i

m+1)bL2 (k)] + b−

L1
(n)δnk,

C21(n, k) =
1
π

N∑
i=0

θi

M∑
m=0

H(t im)[B
i
nk(T

i
m, T i

m+1)aL2 (k)

+ C i
kn(T

i
m, T i

m+1)bL2 (k)] − b−

L1
(n)δnk,

C22(n, k) =
1
π

N∑
i=0

θi

M∑
m=0

H(t im)[C
i
kn(T

i
m, T i

m+1)aL2 (k)

− Bi
nk(T

i
m, T i

m+1)bL2 (k)] + a−

L1
(n)δnk,

where T i
m ≜ ωt im, a−

L1
(n) ≜ cos( L1(jnω))/|L1(jnω)| , b−

L1
(n) ≜

sin( L1(jnω))/|L1(jnω)| , aL2 (n) ≜ |L2(jnω)| cos( L2(jnω)) , and
bL2 (n) ≜ |L2(jnω) |sin( L2(jnω)) . The symbols Ai

nk, B
i
nk and C i

nk are
expressed as

Ai
nk(T

i
m, T i

m+1) =

∫ T im+1

T im

sin(nt) sin(kt)dt,

Bi
nk(T

i
m, T i

m+1) =

∫ T im+1

T im

cos(nt) sin(kt)dt,

C i
nk(T

i
m, T i

m+1) =

∫ T im+1

T im

cos(nt) cos(kt)dt.

The nth elements in the vectors R1 and R2 are, respectively,

R1(n) = −

N∑
i=1

θi
[
aimn

aL2 (n) − bimn
bL2 (n)

]
− auna

−

L1
(n)

− bunb
−

L1
(n) + Ayr δ1n,

R2(n) = −

N∑
i=1

θi
[
aimn

bL2 (n) + bimn
aL2 (n)

]
+ aunb

−

L1
(n)

− buna
−

L1
(n).

The derivation of (17) from (12) is presented in Appendix B.

3.3. Steps of the IHB-based approach

The IHB-based approach is composed by the following steps.
Outer loop for NH = 1, 2, 3, . . .
Step A. Estimate u(t) in (3) as ûNH (t), consisting of the first

NH-order harmonics, in the following inner loop.
Inner loop for k = 1, 2, . . . until convergence.

Step 1. If NH = 1, evaluate ûNH ,0(t) as the solution from the
DFM and stop; otherwise, initialize ûNH ,0(t) as the solution
ûNH−1(t) from the IHB-based approach at the last outer-loop
iteration.
Step 2. Calculate the harmonic approximation at the kth
inner-loop iteration of the hysteresis output mi(t) in (8)
as m̂NH ,k

i (t) via (19) (replacing û(t) therein by ûNH ,k(t)) and
the derivative H(t ij ) in (16) as ĤNH ,k(t ij ), and compute the
increment ∆u(t) in (4) from (17) as ∆ûNH ,k(t).
Step 3. Update the hysteresis input as ûNH ,k+1(t) = ûNH ,k(t)+
∆ûNH ,k(t). If the maximum value of ∆âNH ,k

un and ∆b̂NH ,k
un (n =

1, 2, . . . ,NH ) is smaller than a given threshold ε0, then eval-
uate ûNH (t) = ûNH ,k(t) and stop; otherwise, set k = k + 1
and go to Step 2.

End of inner loop
Step B. Calculate the fitness value between the two adjacent

estimation ûNH (t) and ûNH+1(t)

F (NH ) =

(
1 −

∥ûNH − ûNH+1
∥

∥ûNH+1 − E{ûNH+1}∥

)
× 100%.

where ∥ · ∥ and E{·} stand for the 2−norm and the mean value of
the operand, respectively.

Step C. If the difference between two adjacent fitness values
|F (NH +1)−F (NH )| is less than a given threshold εF0, then evaluate
û(t) = ûNH (t) and stop; otherwise, set NH = NH + 1 and go to
Step A.

Step D. Calculate the high-order estimates of y(t) andm(t) by

ŷ(t) = Ayr sin(ωt) −

NH∑
n=1

Âun

|L1(jnω)|
sin

[
nωt + φ̂un − L1(jnω)

]
(18)

m̂(t) =
Ayr

|L1(jω)|
sin[ωt − L1(jω)] −

NH∑
n=1

Âun

|L1(jnω)∥L2(jnω)|

× sin
[
nωt + φ̂un − L1(jnω) − L2(jnω)

]
. (19)

End of outer loop
Here the two thresholds ε0 and εF0, which terminate the inner and
outer loops, respectively, are subject to the users’ design.

4. Numerical results

A numerical example is provided to illustrate the effectiveness
of the proposed IHB-based approach, andmake a comparison with
the DFM.

In this example, the reference signal is assumed to be yr (t) =

sin(π t/10), and the linear part L2(s) is L2(s) = 1/(8s + 1). The
linear component L1(s) represents a proportional–integral con-
troller, obtained based on the internal model control rule (Aström
& Hägglund, 2006) with closed-loop time constant τC = 2 s,
namely, L1(s) = 4(1 + 1/8s). Note that the proposed approach
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Fig. 2. The performance indices µ (left) and Fitness (right) calculated from the DFM and the IHB-based approach.

Table 1
Harmonic amplitudes aun , bun , amn , bmn , ayn and byn from DFM and the IHB-based
approach compared with the actual values from spectrum analysis.

Coef. Actual DFM Error (%) IHB Error (%)

au1 4.0868 3.8889 4.8424 4.0844 0.0587
bu1 2.9554 3.2062 −8.4862 2.9518 0.1218
au3 −0.1020 −0.1031 −1.0784
bu3 0.2007 0.1990 0.8470
am1 2.8552 3.0145 −5.5793 2.8547 0.0175
bm1 0.5795 0.6981 −20.4659 0.5753 0.7248
am3 0.3765 0.3752 0.3453
bm3 0.1957 0.1943 0.7154
ay1 0.4278 0.4791 −11.9916 0.4289 −0.2571
by1 −0.7732 −0.8071 −4.3844 −0.7721 0.1423
ay3 0.0244 0.0246 −0.8197
by3 −0.0375 −0.0372 0.0080

is applicable to general linear controllers, not confined to the
proportional–integral controller here. The PI operator consists of
three play operators, where r = [0, 1, r2]T and θ = [0.1, 0.1, 0.8]T .
The variable r2 is a good indicator of the hysteresis severity for
the closed-loop system, since as r2 increases, the hysteresis width
increases. The interval for the parameter r2 is chosen as [1, 2.7].
For the IHB-based approach, we set the two thresholds as ε0 =

10−8 max{∥âNH ,k
un ∥, ∥b̂NH ,k

un ∥} and εF0 = 10−8.
Define two indices for quantifying the performances of the

IHB-based approach

µ =
E(|û − u|)
E(|u|)

× 100%, (20a)

Fitness =

(
1 −

∥û − u∥
∥u − E{u}∥

)
× 100%. (20b)

Here, û is the estimation of hysteresis input from the IHB-based
approach, and u is the one from the simulation.

The IHB-based approach stops at NH = 9. The average iteration
number of the inner loop in the IHB-based approach for NH = 9
is 26 in this example, which indicates that the computation cost is
minor, even if the thresholds ε0 and εF0 are tight. The performance
indices in (20) for the IHB-based approach are shown in Fig. 2; as a
comparison, the counterparts of the DFM are given, too. This figure
reveals that the IHB-based approach yields more accurate estima-
tion of u(t) than the DFM; moreover, the IHB-based approach is
more robust to the parameter r2, while the DFM degrades as r2
increases.

As a further investigation, the estimates of u(t), m(t) and y(t)
from the DFM and the IHB-based approach for the case r2 = 2.7
are plotted in Fig. 3. The estimates û(t), m̂(t) and ŷ(t) from the
IHB-based approach perfectly overlays with the actual signals u(t),

m(t) and y(t), respectively, while the estimates from the DFM
have clear differences from the actual ones. Table 1 quantitatively
compares the lower-order harmonic amplitudes aun and bun of u(t),
amn and bmn ofm(t), and ayn and byn of y(t) from the DFM and IHB-
based approach with the actual values from the spectrum analysis
using Fourier transform. The percent error is calculated using the
formulation: (Actual–Estimated)/Actual. In Table 1, the DFM has
percentage errors 4.8% and 8.5% in estimating the fundamental
harmonic components au1 and bu1 , while the IHB-based approach
greatly reduces them to only 0.06% and 0.12%. Table 1 also reveals
that the IHB-based approach has good estimation for the third-
order harmonic component, which is also not ignorable because⏐⏐au3/au1 ⏐⏐ = 2.4958% and

⏐⏐bu3/bu1 ⏐⏐ = 6.7910%. The DFM also
exits much larger percentage errors in estimating am1 , bm1 , ay1 and
by1 than the IHB-based approach, due to the usage of only the
fundamental harmonics. This example proves that the IHB-based
approach is much more accurate than the DFM in dealing with
strong hysteresis nonlinearity.

5. Conclusions

In this paper, the IHB-based approach was proposed for the
harmonic analysis of closed-loop systems with the PI operator.
Compared with the traditional DFM, the proposed approach is
able to capture the harmonics up to an arbitrary order; hence,
excellent approximation can be achieved even for systems with
strong hysteresis, where the DFM deteriorates considerably due to
the presence of significant high-order harmonics.

The proposed IHB-based approach is not limited to the PI op-
erator; thus, one future work is to extend the approach to the
analysis of the forced multi-frequency response of systems with
a general class of hysteresis operators consisting of superposition
of multiple elementary operators. This work is a prerequisite for
many subsequent studies, such as analyzing the effects of sticky
control valves on the control performance of feedback control
systems. Another future work is to investigate how modeling er-
rors of hysteresis would affect the harmonic analysis results, since
obtaining an accurate hysteresismodel is rather difficult in practice
and it is necessary to have a solution not overly dependent on the
model accuracy.

Appendix A. Describing function method

The describing function method (DFM) is briefly revisited
here (Gelb & Velde, 1968). The describing function (DF) Ni for a
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Fig. 3. The comparison of the estimated u(t) (upper),m(t) (middle) and y(t) (bottom) from the DFM and the IHB-based approach for r2 = 2.7.

play operator Pri having the play radius ri is given by

|Ni(A)|=
1
A

√
a21i + b21i , Ni(A) = arctan

(
a1i
b1i

)
,

where A is the amplitude of the sinusoidal input of the play op-
erator Pri , and the fundamental harmonic coefficients a1i and b1i
are

a1i =
4ri
π

( ri
A

− 1
)

, b1i =
A
π

[
π

2
− arcsin(xi) − xi

√
1 − x2i

]
,

with xi ≜ 2ri/A − 1. Then, the DF for a PI operator in (1)
is a superposition of the DFs of its elementary play operators,
namely,

N(A) =

N∑
i=0

θiRe
{
|Ni(A)|ej Ni(A)

}
. (A.1)

The DFM approximates u(t) as u(t) = Au sin(ωt + φu). Because
the linear subsystems L1(s) and L2(s) have well-defined frequency
responses, an equality is formulated from yr (t) − e(t) = y(t)
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together with (A.1) for the fundamental harmonic component as

Ayr sin(ωt) −
Au

|L1(jω)|
sin [ωt + φu − L1(jω)]

=

N∑
i=0

Auθi|Ni(Au)∥L2(jω)|sin [ωt+φu+ Ni(Au)+ L2(jω)] ,

which gives two equalities in terms of the coefficients of sin(ωt)
and cos(ωt), uniquely determining the two unknowns Au and φu,

Ayr −
Au

|L1(jω)
cos [φu − L1(jω)]

−

N∑
i=0

Auθi|Ni(Au)∥L2(jω)|cos [φu + Ni(Au) + L2(jω)] = 0,

Au

|L1(jω)
sin [φu − L1(jω)]

+

N∑
i=0

Auθi|Ni(Au)∥L2(jω)|sin [φu + Ni(Au) + L2(jω)] = 0.

It is clear that a numerical method, for example, the Newton–
Raphson algorithm (Atkinson, 2008), is required to solve these two
nonlinear equations for Au and φu.

Appendix B. Complementary calculation details

The derivation from (12) to (17) is expanded here. With the
notations beneath (17), the first left-side term of (12a) becomes

Aun

|L1(jnω)|
cos

[
φun − L1(jnω)

]
= Aun cosφun

cos L1(jnω)

|L1(jnω)|
+ Aun sinφun

sin L1(jnω)

|L1(jnω)|
= auna

−

L1
(n) + bunb

−

L1
(n). (B.1)

Similarly, the second and third left-side terms of (12a) are
∆Aun

|L1(jnω)|
cos

[
∆φun − L1(jnω)

]
= ∆auna

−

L1
(n) + ∆bunb

−

L1
(n), (B.2)

N∑
i=0

θiAi
mn

|L2(jnω)|cos
[
φi
mn

+ L2(jnω)
]

=

N∑
i=0

θi
[
aimn

aL2 (n) − bimn
bL2 (n)

]
. (B.3)

With the definition H(t ij ) in (16), the integral component of the
fourth left-side term of (12a) yields∫ 2π

ωt=0
P ′

ri [u;mi(0)](t)∆Auk |L2(jkω)|sin
[
kωt + ∆φuk

+ L2(jkω)] sin(nωt)d(ωt)

=

M∑
m=0

H(t im)
∫ t im+1

t=t im

∆Auk |L2(jkω)|sin
[
kωt + ∆φuk + L2(jkω)

]
× sin(nωt)d(ωt)

=

M∑
m=0

H(t im)
∫ t im+1

t=t im

∆Auk |L2(jkω)|
[
sin(kωt + ∆φuk )

× cos L2(jkω) + cos(kωt + ∆φuk ) sin L2(jkω)
]
sin(nωt)d(ωt)

=

M∑
m=0

H(t im)
∫ t im+1

t=t im

∆Auk

{[
sin(kωt) cos∆φuk + cos(kωt) sin∆φuk

]

× aL2 (k) +
[
cos(kωt) cos∆φuk − sin(kωt) sin∆φuk

]
bL2 (k)

}
× sin(nωt)d(ωt)

=

M∑
m=0

H(t im)
[
Ai
kn(T

i
m, T i

m+1)aL2 (k) + Bi
kn(T

i
m, T i

m+1)bL2 (k)
]
∆ank

+
[
Bi
kn(T

i
m, T i

m+1)aL2 (k) − Ai
kn(T

i
m, T i

m+1)bL2 (k)
]
∆bnk . (B.4)

The above Eqs. (B.1)–(B.4) is finally reformulated in a matrix man-
ner as[
C11 C12

] [
∆au
∆bu

]
= R1.

The calculation for (12b) is completely parallel to the above equa-
tions, and is omitted here.
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