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ABSTRACT

CONJUGATED POLYMER ACTUATORS AND SENSORS: MODELING,
CONTROL, AND APPLICATIONS

By

Yang Fang

Conjugated polymers are soft actuation and sensing materials with promising applica-

tions in biomedical devices and micromanipulation systems. However, their sophisticated

electro-chemo-mechanical dynamics and nonlinear behaviors present significant challenges

in such applications. This dissertation is focused on using systems and control tools to ad-

dress these challenges. In particular, a systems perspective is taken to model the dynamic

and nonlinear behavior of conjugated polymer actuators and sensors, an adaptive control

scheme is developed to handle model uncertainties, and a conjugated polymer actuated-

micropump is explored both as an interesting application and a platform for validating and

extending proposed models. Experimental results on trilayer polypyrrole (PPy) actuators

and sensors are presented throughout the dissertation to support the modeling and control

studies.

On the modeling aspect, a linear, partial differential equation (PDE) is first used to

capture the ion transport dynamics in actuation and sensing. With proper boundary con-

ditions, the PDE is solved to derive an infinite-dimensional transfer function model that

is geometrically scalable and amenable to model reduction. Nonlinear behaviors, in both

electrical and mechanical domains, are also modeled. In particular, on the electrochem-

ical side, a reduction-oxidation (redox) level-dependent impedance model is obtained by

applying perturbation analysis to a nonlinear PDE. On the mechanical side, a nonlinear

elasticity theory-based framework is proposed to capture the mechanics involved in large

deformation. The framework has not only been effective in modeling a bending actuator,

but also motivated the study of a novel, torsional actuator that is based on a fiber-directed

PPy tube.



On the control aspect, a robust adaptive control scheme is proposed to tackle the time-

varying behavior of conjugated polymer actuators. Based on a reduced, linear model, a

self-tuning regulator with parameter projection is designed and implemented. The robust

adaptive control scheme has shown in experiments its superiority to traditional PID control

schemes and a fixed model-following scheme.

Finally, the application of conjugated polymer actuators to micropumps is explored. A

conjugated polymer-actuated diaphragm micropump is designed and fabricated. In contrast

to a typical design of clamping an actuation membrane at all edges, a novel, petal-shaped

diaphragm design is proposed to alleviate the effect of edge constraints. Transfer function

models from the actuation voltage to the diaphragm curvature and to the flow rate are

obtained and verified experimentally. A flow rate of 1260 µL/min is achieved for the new

diaphragm design, which represents a significant improvement over the traditional design.
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Chapter 1

Introduction

1.1 Background on Conjugated Polymers

Electroactive polymers (EAPs) are promising actuation and sensing materials with poten-

tial applications in robotics and biomedical systems [1–6]. One class of EAP materials are

conjugated polymers or conducting polymers [7–9], which are unusual organic materials

that exhibit electronic conductivity. In 1977, Hideki Shirakawa, Alan G. MacDiarmid, Alan

J. Heeger and coworkers reported high conductivity conjugated polymer, which eventually

rewarded them with the 2000 Nobel prize in Chemistry. Polypyrrole (PPy) and polyaniline

(PANI) are two of the most investigated conjugated polymers, because of their good chem-

ical stability and substantial strains. The chemical structures of PPy and PANI are shown

in Fig. 1.1 and Fig. 1.2. The backbones of conjugated polymers have alternating single

and double carbon-carbon bonds (conjugation), which results in positive charge carriers

and thus electrical conductivity. Those charge carriers must overcome a band gap in order

to be delocalized and thus enable conduction. The band gap is reduced by doping, which

involves the addition of charges (dopants) to or removal of charges from the polymer chain.

The doping is generally performed chemically or electrochemically. In chemical doping,

dopants are donated to or repelled from the polymer backbone through chemical reactions
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with dopant molecules.

Figure 1.1: The chemical structure of polypyrrole.

Figure 1.2: The chemical structure of polyaniline.

A conjugated polymer can be electrochemically doped by placing it in contact with

an electrode in the electrolyte. When a sufficiently positive potential is applied, electrons

are removed from the polymer, and negatively charged anions are incorporated into or

positively charged cations are repelled from the polymer backbone to maintain the charge

neutrality. Application of a sufficiently negative potential can reverse the process and re-

pel the trapped anions out of or return the cations back to the polymer (reduction). The

oxidation/reduction process is called redox, and these cations or anions are called dopants.

The mass transport induced by ion movement during redox is considered to be the pri-

mary mechanism responsible for volumetric change and thus the actuation of conjugated

polymers [7, 8]. The redox process of PPy involving anions can be described as

Oxidation: PPy+A− → PPy+A−+ e−

Reduction: PPy+A−+ e− → PPy+A−,

where PPy represents the neutral state of polypyrrole and PPy+ is the oxidized state, A−

represents the dopant anions, PPy+A− indicates that A− is incorporated into the polymer,
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and e− denotes an electron. Note that an anion-transporting conjugate polymer will expand

during oxidation and contract during reduction, while a cation-transporting polymer will

demonstrate the opposite behavior.

Conjugated polymer actuators have the following attractive features:

• can be actuated under very low voltages (typically 2 V or less).

• have large strains (3% in-plane to 30% out-of-plane) and considerable stress.

• can operate in liquid electrolytes, including body fluids.

• lightweight and biocompatible.

Linear extenders have been made by immersing a single piece of conjugated polymer

in electrolyte [7,10]. As the potential difference is changed between the polymer and elec-

trolyte, the volume of the conjugated polymer will change, so it can be used to generate

linear motion. The bending motion can be generated with a bilayer configuration [8]. When

the conjugated polymer layer is expanded or shrunk by accepting or repelling ions, the sub-

strate layer does not change. Due to the strain mismatch within the two layers, the bilayer

structure will bend. However, these two configurations require electrolyte environments.

A trilayer bender can work without this limitation [11], as illustrated in Fig. 1.3. In the

middle is an amorphous, porous polyvinylidene fluoride (PVDF) layer that serves both as

a backing material and a storage tank for the electrolyte. On both sides of the actuator are

the PPy layers. When a voltage is applied across the actuator, the PPy on the anode side is

oxidized while that on the cathode side is reduced. The oxidized layer absorbs anions and

expands, while the reduced layer gives up anions and contracts. The differential expansion

thus leads to bending of the actuator, as shown in Fig. 1.3 (right).

Conjugated polymers can be used as electrochemical sensors, because of the significant

electrical conductivity change over several orders of magnitude in response to change in

pH, humidity, or binding to biomolecules. These electrochemical sensors are based on the
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Figure 1.3: Illustration of the actuation mechanism of a trilayer polypyrrole actuator. Left:
the sectional view of the trilayer structure; right: bending upon application of a voltage.

property changes of the single and double carbon-carbon structure while interacting with

chemical compounds [12].

The conjugate polymers can also be used as electromechanical sensors where an open-

circuit voltage or a short-circuit current is generated under deformation. Comparing with

the more extensive work on conjugated polymer actuators, the understanding of the elec-

tromechanical sensing property of conjugated polymer is still in its infancy, where theory

and models are needed to explain and quantify the phenomenon. We will explore a theory

to explain the electromechanical sensing capability of conjugated polymer in this thesis.

1.2 Fabrication of Trilayer Conjugated Polymer

Fabrication of trilayer conducting polymer is achieved by electrochemically oxidizing pyr-

role monomer from a solution to grow PPy layers on either side of a gold-coated porous

PVDF film, which acts as the working electrode. The porous PVDF films are obtained

from Sigma-Aldrich, which has the thickness of 110 µm with pore size of 0.45 µm. It is
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coated with a thin layer of gold (approximately 100 nm) by using the sputtering coater in

W. M. Keck microfabrication cleanroom at Michigan State University. This ensures a good

conductivity therefore good electrochemical growth of PPy. The electrolyte is a solution of

0.1 M pyrrole, 0.1 M Li+TFSI− in Propylene Carbonate (PC) with 0.5w/w% water. Note

that the solution with Li+TFSI− will dope the PPy with TFSI−. The dopant can be changed

to other ions, such as PF−6 , by changing Li+TFSI− to the salt containing these ion, such as

TBA+PF−6 .

A potentiostat is used in the electrochemical deposition, which is a control and measur-

ing device that keeps the potential of the working electrode at a constant level with respect

to the reference electrode in the electrolyte. The one used in the Smart Microsystems Lab is

Omni 101B from ESA Biosciences Inc. The cell is a cubic glass container by joining glass

together with glass sealant. Two stainless steel meshes are used as the counter electrode

and the PVDF membrane is sandwiched between them to ensure even PPy deposition. A

part of the film is left protruding out of the electrolyte for electrical connection. The exper-

iment setup is shown in Fig. 1.4, and one piece of fabricated trilayer conjugated polymer is

shown in Fig. 1.5.

 

Stainless steel 
mesh 

Gold-coated PVDF 

Reference 

Working electrode 

Figure 1.4: The setup for fabricating trilayer conjugated polymer.
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Figure 1.5: Fabricated sample of trilayer conjugated polymer.

After the samples are fabricated, the thickness of the PPy layer can be measured by

using the digital imaging system in W. M. Keck microfabrication cleanroom at Michigan

State University, which consists of a SPOT digital color camera and an Olympus BX60

optical microscope. The sectional view of the sample is captured by the imaging system,

which also includes the measurement tool to obtain the dimensions. One image captured is

shown in Fig. 1.6.

1.3 Research Objectives

In this dissertation, we will focus on modeling, control, and application of conjugated poly-

mer actuators and sensors. To fully utilize conjugated polymer in bio/micro manipulation,

bio-sensing, and micro robotics, it is crucial to understand the actuation and sensing prop-

erties of conjugated polymer. Therefore the first objective is to obtain a physics-based

but control-oriented mathematical model for conjugated polymer, which captures its ma-

jor dynamics and is useful for applications as actuator and sensor. In many applications,

large deformation of actuators are required to achieve the tasks. Therefore, the second ob-
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Figure 1.6: Thickness of layers of a trilayer PPy actuator measured with a microscope.

jective is to understand the nonlinearities in conjugated polymer actuators, which become

more significant as a higher input voltage is applied to generate larger deformation. The

third objective is to utilize feedback control in conjugated polymer-based system to tackle

the uncertainties and allow precise control of the actuator, because actuator behaviors are

heavily influenced by the materials and processes used during fabrication as well as the

environmental conditions during operation. The fourth objective is to explore the use of

conjugated polymer in promising applications. In this thesis, the application of conjugated

polymer in micropump is explored, because microfluidic devices are in significant devel-

opment in recent years, and conjugated polymer actuators provide an important potential

mechanism for realizing compact micropumps with low actuation voltages.

PPy is used throughout this study. However, we expect that most of the results are

directly applicable or can be extended to other conjugated polymer materials.
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1.4 Contributions

1.4.1 Linear Models for Actuation and Sensing

Conjugated polymer actuators require low actuation voltage (about 1 V), generate consider-

able stress and large strain output, and are light and biocompatible. These advantages make

them attractive for a wide range of robotic and biomedical applications, such as micro and

biomanipulation, biomimetic systems, and biomedical devices [2–4,8]. For all these appli-

cations, it is highly desirable to have quantitative models available that can predict quasi-

static and dynamic actuation performance in terms of intrinsic material parameters and

actuator dimensions. Such models will be useful in feasibility analysis, design optimiza-

tion, and even actuator control. Alici and coworkers investigated modeling and geometry

optimization of bending curvature and force output for trilayer PPy actuators [11, 13, 14].

Christophersen et al. characterized and modeled the bending curvature for bilayer PPy mi-

croactuators of different dimensions [15]. All these studies were focused on quasi-static

operating conditions, where the bending curvature and/or force output were examined in

terms of material stiffness and actuator geometry.

In this thesis, we have developed a scalable, control-oriented model for trilayer conju-

gated polymer that captures the major electrochemomechanical dynamics. This model con-

sists of three modules: 1) electrochemical dynamics module, adapted from the diffusive-

elastic-metal model of Madden [16]; 2) stress-generation module relating transferred charges

to internal actuation stress; and 3) mechanical dynamics module. Scaling laws for key pa-

rameters of the electrical admittance model are developed, rendering the complete model

expressible in intrinsic material parameters and actuator dimensions. Experiments are con-

ducted on trilayer conjugated polymer actuators of different dimensions to validate the

scalable model for quasi-static force and displacement output, electrical admittance, and

dynamic displacement response.

Comparing with the extensive work on modeling of conjugate polymer actuators [6,16–

8



19], research on modeling of conjugate polymers as electromechanical sensors has been rel-

atively limited. Wu et al. [20] investigated the sensing behavior of a trilayer PPy beam by

considering the perturbation of the Donnan equilibrium of the ion distribution by mechan-

ical stimuli as the primary sensing mechanism. A similar viewpoint was also presented

by Takashima and coworkers [21]. For better understanding of the sensing mechanisms,

however, quantitative modeling of the sensing dynamics is desired.

We have investigated the dynamic sensing behavior of conjugated polymers. The model

derivation starts with a partial differential equation (PDE) that governs the ion redistribu-

tion dynamics subject to diffusion and migration (due to electrostatic interactions). How-

ever, for real-time sensing applications, it is desirable to have an analytical model. For

this purpose, we linearized and solved this PDE analytically in the Laplace domain, which

leads to a transfer function that relates the open-circuit sensing voltage to the applied me-

chanical deformation. Experimental measurement of the open-circuit voltage matches the

model prediction reasonably well. This work provides the first step towards fundamental

understanding of mechanical sensing mechanisms of conjugated polymers.

1.4.2 Modeling Nonlinearities in Conjugated Polymer Actuators

Nonlinearities in conjugated polymer actuator become significant as a relatively high input

voltage is applied. Nonlinearity exist in both electromechanical and mechanical domains.

In electromechanical domain, the redox level, i.e., the amount of ions incorporated

in the conjugated polymer during reduction-oxidation, has significant impact on the elec-

tromechanical properties and dynamics of the material and consequently the actuation per-

formance. While the effect of redox level on conductivity and Young’s modulus has been

documented [15, 22–26], its influence on dynamics of ion transport is more subtle and has

received inadequate attention in terms of fundamental understanding and modeling.

We have developed a redox level-dependent impedance model for conjugated polymers,

which is physically based yet has a compact, explicit form. We start with a governing par-
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tial differential equation (PDE) that incorporates the dynamics of ionic diffusion, ionic

migration, and redox reactions. The PDE is linearized around a given redox level via per-

turbation analysis, and an exact, analytical solution is obtained by converting the PDE into

the Laplace domain and enforcing appropriate boundary conditions. This model captures

double-layer charging, diffusion, and migration effects. Experiments have shown that the

proposed model are comparable to the diffusive-elastic-metal model [16] when the redox

level is low, but shows clear advantage in predicting the impedance at higher redox levels.

In the mechanical domain, the classical beam theory has been used to model the bending

curvature for bilayer PPy actuators [15,27] and trilayer actuators [17]. However, this linear

elastcity-based model is only valid when the ion movement-induced swelling is small so

that: 1) the strain and the stress can be related linearly; 2) the geometry nonlinearities can

be neglected. Alici and coworkers modeled the bending curvature and force output for

trilayer PPy actuators by using finite element analysis in analogy with a thermally driven

beam, but no analytical model was presented [28]. The tensile strength experiments have

shown that the strain and stress relationship of PPy film becomes clearly nonlinear as the

strain is increased over 4% [29,30]. These results indicate that the linear model based on the

assumption that the stress varies linearly with the strain becomes invalid as the deformation

gets large. Therefore, it is imperative to develop a nonlinear model to predict the actuator

performance for the applications where large actuation is involved.

In this thesis, a nonlinear elasticity-based method is proposed to capture the mechan-

ical deformation induced by transferred ions. Neo-Hookean type strain energy functions

are used for both PPy and PVDF to capture the nonlinear stress-strain relationship, which

incorporates the effect of swelling [31]. The actuation-induced stresses are derived from

the strain energy functions. The equilibrium configuration under a quasi-static actuation

voltage is then obtained by solving the force and moment balance equations simultane-

ously. Experiments have shown that when the applied voltages are small, predictions by

both models are close to experimental data. But the nonlinear elasticity model fits the ex-
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perimental data better as the input voltage increases, which shows the superiority of the

method in modeling large deformations of conjugated polymers.

Different configurations of conjugated polymer actuators have been exploited, includ-

ing bilayer and trilayer benders [8, 32], linear extenders [7]. However, more complicated

actuator motions will be required. Fiber-directed material can generate torsional motion be-

cause of the anisotropy associated with the interaction between the fibers and the material

matrix [33].

We fabricated a fiber-directed conjugated polymer tube by integrating platinum wires

into conjugated polymer during the deposition process of conjugated polymer. We have

further proposed a nonlinear elasticity-based model to capture the relationship between the

actuation voltage and the torsional motion of the conjugated polymer tube. Compared with

a linear elasticity-based model, this model is able to capture the complicated deformations

and large deformation. The model has been verified with experimental measurements by

using samples with different sizes.

1.4.3 Control of Conjugated Polymer Actuators

It is critical to precisely control the force and/or displacement output of conjugated poly-

mer actuators in many of their intended applications such as manipulation of single cells

and micro-surgical operations. There has been extensive work on understanding the actua-

tion mechanism of conjugated polymers as well as improving their actuation performance

(strain output, strain rate, force output, work per cycle, lifetime, etc.) [7–9, 34]. However,

control and control-oriented modeling of conjugated polymers remain largely unexplored.

A proportional controller was used by Qi et al. to speed up the transient responses of an

polyaniline actuator [35]. P. Madden treated the actuation dynamics as a first-order system

and designed a PID controller for a polypyrrole actuator, where his main interest was to

demonstrate a feedback loop consisting of polypyrrole actuator and sensor [17]. Taking

again a first-order empirical model, Bowers did simulation studies on PID and adaptive
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control of conjugated polymers, but no experimental results were presented [36]. The

primitive state of conjugated polymer control study is mainly dictated by the sophisticated

electrochemomechanical processes during redox reactions, which makes it challenging to

have a physical (non-empirical) model suitable for real-time control. In addition, actuator

behaviors are difficult to characterize since they are heavily influenced by the materials and

processes used during fabrication as well as the environmental conditions (temperature,

humidity, electrolyte, etc.) during operation.

In this thesis, we have developed a robust adaptive control scheme for conjugated poly-

mer actuators with demonstrated performance in trajectory tracking experiments. A key

component of the work is a simple model structure reduced from a full, infinite-dimensional

physical model through model reduction, which captures essential actuation dynamics and

is amenable to efficient real-time control. It enables compact, embedded controller im-

plementation for various micro, robotic, or biomedical applications. The resulting model

is of second order with a zero, after we further discarding a pole and a zero considering

the typical range of physical parameters. A recursive-least squares algorithm is then used

to identify online the parameters of the reduced model. A self-tuning regulator [37] is

designed based on the identified parameters to make the closed-loop system follow a refer-

ence model. A parameter projection step ensures that the parameter estimates stay within

the physically-meaningful region, and thus makes the system robust against measurement

noises, and unmodeled dynamics and nonlinearities. Experiments are conducted when the

conjugated polymer actuator is operating in air, where its actuation behavior shows sig-

nificant variation over time because of the solvent evaporation. Experimental results have

shown that the proposed scheme is superior to the commonly used PID scheme and to

the fixed model-following scheme in terms of both tracking accuracy and required control

effort.
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1.4.4 Conjugated Polymer Micropump

Microfluidic devices have been a topic of extensive research in recent years because of the

significant development of biomedical industry. For many microfluidic systems, microp-

umps are desired to integrate and simplify complex analytical procedures. The methods

of actuation that have been investigated mainly include electroosmotic pumps, centrifugal

pumps, and diaphragm pumps. An electroosmotic pump induces motion of liquid by apply-

ing a voltage across a capillary tube, which drags the clustered ions in the liquid and conse-

quently the fluid. However, its application is limited by the drawback that fluid flow cannot

be generated when the ion concentration is below 10−5 M or above 10−2 M [38]. Centrifu-

gal pumps are not very effective for fluid flows with low Reynolds numbers and have only

been miniaturized to a limited size [39]. Diaphragm pumps have shown promise because

of their compact sizes and the ability to deliver different kinds of fluid precisely. Different

actuation mechanisms and materials have been investigated for diaphragm micropumps. A

thermopneumatic micropump utilizes an electric heater to increase the chamber temper-

ature and therefore the pressure which leads to fluid flow [40], but the bandwidth of the

device is limited by the heating and cooling process. Electrostatic actuation [41], piezo-

electric films [42], and P(VDF-TrFE) based electroactive polymer [43] have been explored,

but the high actuation voltages required may change the properties of the samples. Shape

memory alloy thin film was also proposed [44], but the possible damage to the fluid sample

due to the high transition temperature hindered its use in biological applications.

We present a novel, conjugated polymer petals-actuated diaphragm micropump, which

is in contrast to the typical whole diaphragm design [43,45,46]. We show through modeling

analysis that the new design, by alleviating the edge constraints, can provide significantly

larger diaphragm deformation and consequently the higher flow rate. The modeling of

mechanical module for the diaphragm is developed using the energy method [47], which

incorporates the elastic energy stored in the diaphragm and the work done on the fluid by the
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diaphragm. The final model for the petal-shape diaphragm pump, after model reduction, is

represented as a finite-dimensional transfer function that captures the fundamental physics

of conjugated polymer actuators and their interactions with flexible diaphragm and fluid.

The rest of the pump is fabricated through PDMS-based MEMS processes. Experiments

are conducted to evaluate the pump performance and the effectiveness of the model.The

measured admittance, deformation curvature, and flow rate are found to match the models

well. The complete model predicts that there is an optimal operating frequency to generate

the largest flow rate, which is verified in experiments.

1.5 Chapter Descriptions

The electrochemomechanical dynamics of conjugated polymer actuators and sensors are

investigated in Chapter 2, where the nonlinearities are ignored and transfer function mod-

els are presented to capture the actuation and sensing dynamics. The nonlinearities in both

electromechanical and mechanical domains are modeled in Chapter 3. The redox level is

introduced to capture the nonlinearity in the electrical domain, while nonlinear elasticity is

used to model the mechanical nonlinearity. A fiber-directed conjugated polymer actuator

that can generate torsional motion is also proposed in Chapter 3. Its deformation is mod-

eled by using nonlinear elasticity-based method. In Chapter 4 a robust adaptive control

methodology is presented based on the proposed actuation model, and experimental results

are provided to verify the effectiveness of the control strategy. The application of conju-

gated polymer actuator in a micropump is studied in Chapter 5, where both modeling and

experiments are conducted to investigate the micropump performance. The conclusion of

this dissertation is provided in Chapter 6.
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Chapter 2

Linear Models for Conjugated Polymer

Actuators and Sensors

The complete actuator model consists of three modules: 1) the electrical admittance mod-

ule relating the current (and thus the charge transferred) to the voltage input; 2) the elec-

tromechanical coupling module expressing the generated stress in terms of the transferred

charge; and 3) the mechanical module connecting the stress to the displacement or force

output. This structure is shown in Fig. 5.7, where V is the input voltage, I is the current, ε

is the corresponding strain, and Y is the mechanical output.

Admittance

Module

Electromechanical

Module

Mechanical

Module

V I Y

Figure 2.1: The complete model structure for conjugated polymer actuators.

2.1 Electrical Admittance Module

It is desired to obtain the electrical admittance module relating the current (and thus the

charge transferred) to the voltage input in order to obtain the complete actuation model.
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Consequently, one will be able to predict the mechanical output of the actuator under the

applied voltage. There are two possible mechanisms for the accumulated anions to enter

the polymer matrix, diffusion and migration. J. Madden proposed a diffusive-elastic-metal

model for one piece of PPy immersing in the electrolyte, where it was assumed that the

polymer matrix is perfectly conducting and the ion transport within the polymer is solely

determined by diffusion [16]. This model can be adapted to model the trilayer PPy actuator

in our work and shows good agreement with experimental data for a wide frequency range

from 10−4 to 105 Hz.

2.1.1 Review of Diffusive-elastic-metal Model and Adaptation to the

Trilayer PPy Actuator

Firstly, the method in [16] is briefly described. And then we present a different and more

straightforward derivation of the final admittance expression than the one in [16].

The voltage input of the actuator is applied across the two PPy layers. This produces a

potential difference between each PPy layer and the electrolyte, as illustrated in Fig. 2.2(a).

Note that only one side of the PPy is in contact with the electrolyte. Under the potential dif-

ference, the anions in the electrolyte migrate toward the polymer, which results in double-

layer charges at the polymer/electrolyte interface - like a double-layer capacitance with an

equivalent thickness of δ . Fig. 2.2 (b) shows an equivalent circuit model of the polymer

impedance, where the faradaic current has been ignored. C denotes the double-layer capac-

itance at the polymer/electrolyte interface, R is the electrolyte and contact resistance, and

ZD represents the “diffusion impedance”, which will be clarified in the derivation below.

In the Laplace domain the total current I(s) in the circuit is the sum of the double-layer

charging current IC(s) and the current ID(s) diffusing into polymer:

I(s) = IC(s)+ ID(s). (2.1)
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Figure 2.2: (a) Illustration of double-layer charging and diffusion for a conjugated polymer
film with one side in contact with electrolyte; (b) equivalent circuit model for the polymer
impedance.
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The Kirchhoff’s voltage law gives

V (s) = I(s) ·R+
1

s ·C · IC(s). (2.2)

Let x denote the thickness direction of the polymer, with x = 0 representing the poly-

mer/electrolyte interface. Assume that the ion concentration varies only in the x-direction,

which will be denoted as c(x,s). From Fick’s law of diffusion, one has

ID(s) =−F ·A ·d · ∂c
∂x

(x,s)|x=0, (2.3)

where A is the surface area of the polymer, F is the Faraday constant, d is the diffusion

coefficient, and ∂c
∂x(x,s)|x=0 represents the gradient of ion concentration at the interface. To

compute IC(s), one first calculates the charges QC(s) stored in the double-layer capacitor.

Assume that the double layer has a thickness δ and that the ion concentration within the

(thin) double-layer is uniform, which equals c(0,s). Then QC(s) = F ·A ·δ · c(0,s), which

leads to

IC(s) = s ·QC(s) = F ·A ·δ · s · c(0,s). (2.4)

The last equation needed for the derivation is the diffusion equation, which reads in the

time domain:
∂c
∂ t

= d
∂ 2c
∂x2 , 0 < x < h2−h1, (2.5)

where h2− h1 is the thickness of the polymer layer according to Fig. 2.3, which defines

the dimensional parameters in this chapter. The generic solution of (2.5) in the frequency

domain is obtained as [48]:

c(x,s) = γ1(s)e−
√

s/d x + γ2(s)e
√

s/d x, (2.6)
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where





γ1(s) =
IC(s)

2F ·A ·δ · s +
ID(s)

2F ·A ·√d · s
γ2(s) =

IC(s)
2F ·A ·δ · s −

ID(s)
2F ·A ·√d · s

. (2.7)

W

L

PPy

PPy

PVDF 2h
1h

x

Figure 2.3: Definitions of dimensional parameters used in actuation model.

For the trilayer polypyrrole actuator, there is no ionic flux at the other surface of the

polypyrrole layer, which gives the boundary condition at x = h2−h1:

∂c(x,s)
∂x

|x=h2−h1 =−
√

s
d

γ1(s)e−
√

s/d(h2−h1) +
√

s
d

γ2(s)e
√

s/d(h2−h1) = 0. (2.8)

From (2.1) and (2.2), IC(s) and ID(s) can be written in terms of V (s) and I(s):

IC(s) = s ·C · (V (s)− I(s) ·R), (2.9)

ID(s) = I(s)− s ·C · (V (s)− I(s) ·R). (2.10)

Plugging (2.9) and (2.10) into (2.8), one gets the following equation in terms of V (s) and

I(s)

[
C
2δ

e
√

s/d (h2−h1)− e−
√

s/d (h2−h1)

e
√

s/d (h2−h1) + e−
√

s/d (h2−h1)
+

C
2

√
s
d

]V (s) =

[
R ·C
2δ

e
√

s/d (h2−h1)− e−
√

s/d (h2−h1)

e
√

s/d (h2−h1) + e−
√

s/d (h2−h1)
+(

1+ s ·R ·C
2d

)

√
d
s

]I(s). (2.11)
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Since
e
√

s/d (h2−h1)− e−
√

s/d (h2−h1)

e
√

s/d (h2−h1) + e−
√

s/d (h2−h1)
= tanh((h2−h1)

√
s
d
),

the admittance model of a trilayer conjugated polymer can be derived from (2.11) as

I(s)
V (s)

=
s[
√

d
δ tanh((h2−h1)

√
s/d)+

√
s ]

√
s

C +R · s3/2 +R ·
√

d
δ · s · tanh((h2−h1)

√
s/d)

. (2.12)

It is highly desirable to have quantitative models available that can predict quasi-static

and dynamic actuation performance in terms of intrinsic material parameters and actuator

dimensions. Such models will be useful in feasibility analysis, design optimization, and

even actuator control. A scalable electrochemomechanical model is presented for trilayer

conjugated polymer actuators, by developing the scaling laws for key parameters of the

electrical admittance model.

2.1.2 Scaling Laws for Double-layer Capacitance and Circuit Resis-

tance

Two key parameters in the electrical admittance model (and thus in the force or displace-

ment response model) are the double-layer capacitance C and the resistance R. It is of inter-

est to know how they scale with the actuator dimensions. From the analogy to parallel-plate

capacitors, one expects C to be proportional to the interface area between the PPy and the

electrolyte, i.e.,

C = C0WL, (2.13)

where C0 is the double-layer capacitance per unit area.

The scaling of R is more involved. A transmission line model is proposed considering

the nonzero (although low) resistivity of PPy, as shown in Fig. 2.4. Here the top and bottom

layers represent PPy resistance while the middle layer represents the electrolyte resistance.

Let ρ1 and ρ2 denote the resistivity of the PPy and that of the electrolyte, respectively. Then
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the resistances R1 and R2 per unit distance are:

R1 =
ρ1

(h2−h1)W
, R2 =

2ρ2h1

W
.

From the basic transmission line theory [49],

R =

√
4ρ1ρ2h1

(h2−h1)W 2

tanh(L

√
4ρ1ρ2h1

(h2−h1)W 2 )

, (2.14)

which is expressed in terms of fundamental material parameters and layer dimensions.

1
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1
R

1
R

1
R

2
R

2
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2
RR

1
R

1
R

1
R

1
R

Figure 2.4: The transmission line model for the circuit resistance.

The scaling laws (2.13) and (2.14) can then be plugged into (2.12) to obtain scalable

models for the admittance and the bending dynamics of trilayer actuators.

To measure the double-layer capacitance C, a step voltage U of 0.4 V is applied. The

transferred charge Q into the PPy layer is computed by integrating the charging current,

which is obtained by subtracting the faradaic current from the total current. It can be

shown from (2.12) (using the Final Value Theorem [50]) that

Q =
1
2

U(1+
h2−h1

δ
)C, (2.15)
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and thus C is computed by

C =
2Q

U(1+
h2−h1

δ
)
. (2.16)

The double-layer thickness δ is hard to measure directly and an estimate of 25 nm is used

based on the range reported in [51]. To measure the resistance R, a high-frequency sinu-

soidal input U sin(ωt) is applied. From (2.12), the admittance Y ( jω) → 1
2R

as ω → ∞,

i.e., the polymer becomes resistive for high-frequency inputs. Thus R is obtained from

R = 1
2|Y ( jω)| . In experiments an input of frequency 250 Hz is used.

Fig. 2.5 shows the comparison between the measured double-layer capacitance and the

predicted value from (2.13) for different actuator sizes (L×W), where C0 is identified to be

7.86×10−7 F/mm2. Fig. 2.6 compares the measured resistance R and the predicted value

from (2.14) as a function of actuator width, while the length of actuators is fixed to 20 mm.

The resistivity values of ρ1 = 9× 10−5 Ωm and ρ2 = 2.7Ωm are obtained by fitting the

experimental data points in Fig. 2.6, where ρ1 is restricted within the typical range [52]

during tuning. As an independent validation step, the identified ρ1 and ρ2 are further used

to predict the resistance for five 3mm-wide actuators with different lengths. As shown

in Fig. 2.7, the comparison between the measured resistances and their theoretical values

based on (2.14) confirms the prediction capability of the scaling law.

The agreement between measurement and simulation in Figs. 2.5-2.7 validates the pro-

posed laws for C and R, which will be used in the prediction of quasi-static force/displacement,

electrical admittance, and dynamic displacement response in the following subsections.

2.2 Electromechanical Coupling

As introduced in Chapter 1, the fundamental actuation mechanism of the conjugated poly-

mer actuator is the mass transport due to the ion movement during redox that further in-

duces the strain changes in the polymer. Therefore, the early works have focused on the
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Figure 2.5: Double-layer capacitance versus actuator size.
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Figure 2.6: Resistance versus actuator width (length = 20 mm).

static electro-mechanical relationship between the charges transferred into the conjugated

polymer and the corresponding strain generated. It was shown that the strain is propor-
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tional to the transferred charge density in the conjugated polymer [16, 53], which can be

described as:

ε = ϑρ, (2.17)

where ϑ is the strain-to-charge ratio, ρ is the charge density. Equivalently, the induced

stress by the transferred charges is

σ = ϑEppyρ , (2.18)

where Eppy denotes the Young’s modulus of the PPy layer.

2.3 Mechanical Output

When a voltage is applied across the actuator, the PPy layer on the anode side is oxidized

while the other layer on the cathode side is reduced. The oxidized layer absorbs anions

and expands, while the reduced layer gives up anions and contracts. The differential ex-
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pansion thus leads to bending of the actuator, as shown in Fig. 1.3. The bending of the

trilayer beam can be predicted based on the linear elasticity theory after the swelling ra-

tios are determined for different layers. One key assumption for the linear model is that

the relationship between the stress and strain is linear, given by the small strain Young’s

modulus, which is reasonable when the strain is sufficiently small. The elastic strain is

obtained through the elementary beam theory by assuming that the strain changes linearly

in the thickness direction with the distance from an appropriately located neutral line in the

thickness direction [17]:

ε(x) = κ · x, (2.19)

where κ is the curvature to be determined.

When there is no external load, the beam curvature can be obtained by solving the force

and moment balance equations simultaneously

∫ −h1

−h2

σPPy1(x)dx+
∫ h1

−h1

σPV DF(x)dx+
∫ h2

h1

σPPy2(x)dx = 0, (2.20)
∫ −h1

−h2

σPPy1(x)xdx+
∫ h1

−h1

σPV DF(x)xdx+
∫ h2

h1

σPPy2(x)xdx = 0, (2.21)

where h1 and h2 are as defined in Fig. 2.3. By superimposing the bending effect term upon

the swelling term, the normal stresses in the PPy and PVDF layers along the beam direction

are taken to be

σPPy1(x) = EPPyε(x)−EPPyϑρ, (2.22)

σPV DF(x) = EPV DFε(x), (2.23)

σPPy2(x) = EPPyε(x)+EPPyϑρ , (2.24)

where EPPy and EPV DF are the small strain Young’s moduli of the PPy and PVDF, and PPy1

and PPy2 represent the reduced and oxidized PPy layers, respectively. For a symmetrical
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trilayer actuator, with the assumption that the thickness of the two PPy layers remains

constant, it follows from (2.20) that the neutral line is the beam center line. Therefore, the

actuation-induced curvature κ can be obtained as [17]:

κ =
3ϑ
2h1

·
(1+ h2−h1

h1
)2−1

(1+ h2−h1
h1

)3 + Epvd f
Eppy

−1
·ρ, (2.25)

where Epvd f is the Young’s modulus of the PVDF layer, and hpvd f denotes half of its

thickness.

Note that the mechanical dynamics is not considered in the derivation, which means that

the results only hold in the quasi-static condition. One needs to consider the mechanical

dynamics of the trilayer beam at high frequencies. The actuation bandwidth of a PPy

actuator is typically much lower than its natural frequencies. For example, a sample of

dimensions 20× 5× 0.17 mm was measured to have an actuation bandwidth of 0.5 Hz

while its natural frequency was measured to be 65 Hz. Thus the inertial dynamics will

be ignored. Therefore, only the material damping effect is considered. The standard linear

solid model, illustrated in Fig. 2.8, can capture the viscoelasticity of solid polymer [54], and

is adopted for modeling the dynamic moduli of PVDF and PPy. The equivalent modulus

E ′ in Fig. 2.8 is

E ′(s) = E
ηχ + χ

χ
·

s+ 1
ηχ+χ

s+ 1
χ

. (2.26)

Therefore one can furthermore modify (2.25) to be (2.27) to capture the higher frequency

dynamics

κ =
3ϑ
2h1

·
(1+ h2−h1

h1
)2−1

(1+ h2−h1
h1

)3 +
E ′pvd f
E ′ppy

−1
·ρ. (2.27)

In experiments the beam tip displacement is measured by a laser distance sensor, as

illustrated in Fig. 2.9. One can relate the measured displacement y = d0−d to the curvature
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Figure 2.8: Standard linear solid model for capturing polymer viscoelasticity.

κ via simple geometric calculations:

κ =
1
r

=
2y

y2 + l2 ,

where l is the distance between the clamped end and the laser incident point when the beam

is at rest. For small bending (y << l), the curvature is approximately linear with respect to

the displacement:

κ ≈ 2y
l2 . (2.28)

r

d

l

r

Laser

sensor

Actuator

Clamp

d
0

Figure 2.9: Geometric relationship between the beam curvature and the tip displacement.
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2.4 Complete Actuation Model and Experimental Verifi-

cation

2.4.1 Complete Actuation Model

One can obtain the complete scalable actuation model as follows by combining Eq. (2.12),

(2.18), and (2.27):

κ
V

=
3ϑ

2LWh1(h2−h1)
·

(
h2

h1
)2−1

(
h2

h1
)3 +

E ′pvd f

E ′ppy
−1

·
s2[
√

d
δ

tanh((h2−h1)
√

s
d
)+

√
s ]

√
s

C
+R · s3/2 +R ·

√
d

δ
· s · tanh((h2−h1)

√
s
d
)
,

(2.29)

where C and R follow the scaling laws in (2.13) and (2.14). Considering Eq. (2.28), one

can obtain the actuation model with tip displacement as the output:

y
V

=
3ϑL

Wh1(h2−h1)
·

(
h2

h1
)2−1

(
h2

h1
)3 +

E ′pvd f

E ′ppy
−1

·
s2[
√

d
δ

tanh((h2−h1)
√

s
d
)+

√
s ]

√
s

C
+R · s3/2 +R ·

√
d

δ
· s · tanh((h2−h1)

√
s
d
)
.

(2.30)

Consider a trilayer actuator clamped at one end, as shown in Fig. 2.10. Under quasi-

static conditions, it can be shown through moment balance (2.21) that the following equa-

tion holds to characterize the relationship between force and displacement:

F =−γ1y+ γ2ρ, (2.31)

where γ1 and γ2 are defined by

γ1 =
4WEppyh3

pvd f

3L3
f

[(1+
h

hpvd f
)3−1+

Epvd f

Eppy
],

γ2 =
EppyθWh2

pvd f

L f
[(1+

h
hpvd f

)2−1],
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and Epvd f denotes the Young’s modulus of the PVDF layer.

Figure 2.10: Geometry of the trilayer actuator.

2.4.2 Experimental Verification

Quasi-static force/displacement measurement is conducted using an experimental setup il-

lustrated in Fig. 2.11. Through the slide, a PVDF micro-force sensor [55] can measure

the actuation force at different deflection levels under a given actuation voltage, from the

free-bending configuration F = 0 to the fully-blocked configuration (y = 0). A picture of

the actual setup is shown in Fig. 2.12.

Two sets of PPy actuators are used with widths of 3.5 and 6 mm respectively. In each set

there are three samples with lengths of 20, 30 and 40 mm. Given a constant voltage input,

the current can be predicted by (2.12) and thus the charge density ρ . Therefore the force

versus displacement curve can be computed using (2.31), where Eppy = 80 MPa, Epvd f =

440 MPa [14], ϑ = 1.3× 10−10 m3 ·C−1 [16]. Fig. 2.13 shows the comparison between

the measured force-displacement curve and the model prediction for the set of actuators

with width 3.5 mm under an actuation voltage of 0.4 V. Fig. 2.14 shows the results for the

set of actuators with width 6 mm. It can be seen that in both figures reasonable agreement

between measurement and simulation is achieved. Experiments are also conducted for

other actuation voltages with satisfactory agreement with model prediction. Those results
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will not be presented here due to space limitation. One of the implications of the results in

Figs. 2.13 and 2.14 is that the longer the actuator is, the smaller is the force output, and

vice versa. This fact is in agreement with the results presented in [14].

Force sensor

Laser

sensor

PPy actuator

Slide

Stepper motor

y

Figure 2.11: Schematic of the experimental setup for joint force-displacement measure-
ment.

Force sensor

Laser sensor

Microscope 

PPy actuator 

Figure 2.12: The setup for force/displacement measurement.

In Fig. 2.15, the measured admittance is compared to the predicted one for an actuator

of size 30× 5 mm, while in Fig. 2.16 the same is presented for an actuator of size 40× 5

mm. In both figures the agreement in magnitude plots is excellent. In the mean time

the match for the phase plots is good except for the relatively big discrepancy at the low-
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Figure 2.13: Force versus displacement under an actuation voltage of 0.4 V (width = 3.5
mm).

frequency end. The low-frequency phase mismatch is likely due to the change of actuation

behavior in air when the solvent evaporates over time (the high-frequency measurements

are done in a short period of time and the behavior change there is minimal).

The model (2.30) for the dynamic displacement response is verified for a range of actu-

ation frequencies for two different actuator sizes, 30×5 mm and 40×5 mm. The compari-

son between the experimental measurement and the model prediction is shown in Fig. 2.17

and Fig. 2.18. The coefficients related to dynamic modulus in (2.26) for PPy and PVDF

are identified based on curve fitting: η = 5.02 and χ = 0.83 for PPy, and η = 4.68 and

χ = 0.044 for PVDF. From the figures the agreement between measurement and simu-

lation is good for the magnitude plots. However, mismatch exists in the low-frequency

portion of the phase plots. The cause of this, other than the possible behavior change due
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Figure 2.14: Force versus displacement under an actuation voltage of 0.4 V (width = 6
mm).

to solvent evaporation, requires further investigation.

2.5 Conjugated Polymer Electromechanical Sensor

Research on the possibility to use conjugate polymers as electromechanical sensors has

been relatively limited, comparing with the extensive work on modeling of conjugate poly-

mer actuators [6, 16–19]. Wu et al. [20] investigated the sensing behavior of a trilayer

PPy beam by considering the perturbation of the Donnan equilibrium of the ion distribu-

tion by mechanical stimuli as the primary sensing mechanism. A similar viewpoint was

also presented by Takashima and coworkers [21]. For better understanding of the sensing

mechanisms, however, more experiments and quantitative modeling of the sensing dynam-
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Figure 2.15: Electrical admittance spectrum (size: 30×5 mm).

ics are desired.

A preliminary model is proposed to explain the sensing mechanism, which starts with

a partial differential equation (PDE) that governs the ion redistribution dynamics subject

to diffusion and migration (due to electrostatic interactions). Two boundary conditions are

postulated: 1) the ion concentration at the PPy/PVDF interface is proportional to the ap-

plied mechanical strain, as the latter directly influences the pore sizes of the PPy layer;

and 2) there is no diffusion flux at the interface between the PPy layer and the air. This

PDE can be solved numerically. However, for real-time sensing applications, it is desirable

to have an analytical model. For this purpose, we ignore the migration term of the PDE,

which makes the equation linear. The latter can be solved analytically in the Laplace do-

main, which leads to a transfer function that relates the open-circuit sensing voltage to the

applied mechanical deformation. The obtained solution shows good approximation to the
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Figure 2.16: Electrical admittance spectrum (size: 40×5 mm).

solution of the original PDE when the ion concentration is relatively low and matches the

experimental data for conjugated polymer sensors with different lengths and widths. How-

ever, some recent experimental results by using conjugated polymer with different PPy

thickness show discrepancy from the model prediction, which implies the model has not

captured all the sensing phenomenon.

2.5.1 Full Sensing Model

The Nernst-Planck equation is used widely to describe the flux of ions under the influence

of both an ionic concentration gradient and an electric field [56]:

J =−d(∇C +
CF
RT

∇φ). (2.32)
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Figure 2.17: Dynamic displacement response (size: 30×5 mm).

The continuity equation holds:

∇ ·J =−∂C
∂ t

. (2.33)

Since the thickness of the PPy layer is much smaller than its length or width, one can

assume that dominant changes are all restricted to the thickness direction (denoted as x

direction). This enables one to drop the boldface notation for these variables. From (2.33),

we can derive
∂C
∂ t

= d(
∂ 2C
∂x2 +

F
RT

∂C
∂x

∂φ
∂x

+
FC
RT

∂ 2φ
∂x2 ). (2.34)

One can relate φ to the ionic concentrations through the Gauss’s law:

E =
D
κe

=−∇φ (2.35)

∇ ·D = F · (C+−C−), (2.36)
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Figure 2.18: Dynamic displacement response (size: 40×5 mm).

where D denotes the electric displacement, E denotes the electric field, and κe is the dielec-

tric permittivity of PPy. Therefore, the following equations can be derived based on (2.35)

and (2.36):

∂φ
∂x

=
F
κe

∫ x

0
C(ξ , t)dξ +

∂φ
∂x

(0, t), (2.37)

∂ 2φ
∂x2 =

F
κe

C(x, t). (2.38)

In mechanical sensing, one can assume that C(x, t) fluctuates about some equilibrium con-

centration C0:

C(x, t) = C0 +C1(x, t), (2.39)
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with C0 ÀC1(x, t). Further assume that the electrolyte has high ionic conductivity, which

implies
∂φ
∂x

(0, t) = 0 in (2.37). Therefore, (2.37) can be approximated by

∂φ
∂x

≈ FC0

κe
x. (2.40)

Combining (2.34), (2.38), (2.39) and (2.40), and ignoring the C2
1 term, one obtains

∂C1

∂ t
= d(

∂ 2C1

∂x2 +
F2

RT κe

∂C1

∂x
C0x+

F2

RT κe
(C2

0 +2C0C1)). (2.41)

Two boundary conditions are imposed on (2.41):

C1(0, t) = KC0ε0(t), (2.42)

∂C1

∂x
|x=h2−h1 = 0, (2.43)

where ε0(t) represents the strain at the PPy/PVDF interface. Note that x = 0 denotes the

PPy/PVDF boundary while x = h2− h1 denotes the PPy/air interface. The first boundary

condition implies that the concentration perturbation at x = 0 has a linear correlation with

the applied deformation. The second one means that there is no diffusion flux on the other

side of the PPy layer.

2.5.2 Simplified Sensing Model

Eq. (2.41) is difficult to solve analytically. However, it is desirable to obtain an analytical

model for conjugated polymer sensors. Such a model can facilitate fundamental under-

standing of the sensing mechanisms and be instrumental in sensor design and real-time

sensing applications. An analytical model from (2.41) can be obtained by further ignoring

the terms involving C0. Equivalently, this is to ignore the effect of electric field-induced

ion migration. The approximation is valid when the nominal anion concentration C0 is low.
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The approximated PDE contains only the diffusion term:

∂C1

∂ t
= d

∂ 2C1

∂x2 . (2.44)

To solve this PDE, (2.44) is firstly converted into the Laplace domain

∂ 2C1(x,s)
∂x2 =

sC1(x,s)
d

. (2.45)

One can obtain the following analytical solution to (2.45):

C1(x,s) =
KC0ε0e

√ s
d (h2−h1)

e
√ s

d (h2−h1) + e−
√ s

d (h2−h1)
e−
√ s

d x +
KC0ε0e−

√ s
d (h2−h1)

e
√ s

d (h2−h1) + e−
√ s

d (h2−h1)
e
√ s

d x. (2.46)

Furthermore one can obtain the potential difference across one PPy layer based on (2.35)

and (2.36):

∆V1 = φ(h,s)−φ(0,s)

=
dFKC0ε0

sκe
[

2

e
√ s

d (h2−h1) + e−
√ s

d (h2−h1)
+(h2−h1)

√
s
d

tanh((h2−h1)
√

s
d
)−1]

+
FC0

2κe
(h2−h1)2. (2.47)

Due to the symmetry of the trilayer structure, the potential across the other PPy layer is

∆V2 = −dFKC0ε0

sκe
[

2

e
√ s

d (h2−h1) + e−
√ s

d (h2−h1)
+(h2−h1)

√
s
d

tanh((h2−h1)
√

s
d
)−1]

+
FC0

2κe
(h2−h1)2. (2.48)
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Therefore, an analytical model for the total open-circuit sensing voltage is:

V = ∆V1−∆V2

=
2dFKC0ε0

sκe
[

2

e
√ s

d (h2−h1) + e−
√ s

d (h2−h1)
+(h2−h1)

√
s
d

tanh((h2−h1)
√

s
d
)−1].

(2.49)

From (2.49), one can obtain the transfer function relating the sensing voltage V (s) to the

applied deformation ε0(s) (strain at the PPy/PVDF interface):

V (s)
ε0(s)

=
2dFKC0

sκe

[
2

e
√ s

d (h2−h1) + e−
√ s

d (h2−h1)
+(h2−h1)

√
s
d

tanh((h2−h1)
√

s
d
)−1

]
.

(2.50)

The following equation holds for the strain and the curvature

ε(x) = κ · x. (2.51)

The strain ε0 at the boundary of PPy layer and PVDF layer can be further related to the tip

displacement:

ε0 =
2h1

l2 y. (2.52)

Now taking the applied tip displacement y as the input, from (2.50), one can obtain the

transfer function for the sensing dynamics:

V (s)
Y (s)

=
4dFKC0h1

sl2κe

[
2

e
√ s

d (h2−h1) + e−
√ s

d (h2−h1)
+(h2−h1)

√
s
d

tanh((h2−h1)
√

s
d
)−1

]
.

(2.53)

We have compared the numerical solution of the full model with the analytical model

derived above. In the computation, C0 was taken to be 0.05 M. A sequence of sinusoidal

inputs ε0(t), up to 100 Hz, was used. For each input, the numerical solution of V (t) was

computed, and the gain and phase shift at that frequency were evaluated. Fig. 2.19 com-
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pares the Bode plots obtained through numerical computation with those of the analytical

model (2.50). As one can see, overall the discrepancy is not significant; in particular, as the

frequency gets high, the discrepancy vanishes.
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Figure 2.19: Comparison between the numerical solution of the full model and the analyt-
ical solution of the simplified model (2.50) when C0 is 0.05 M.

2.5.3 Experiments and Discussions

Fig. 2.20 and Fig. 2.21 show the experimental characterization of the dynamic sensing

behavior of the conjugated polymer samples. Predictions from the model (2.53) are also

shown in the figures for comparison purposes. The parameters used for the model are listed

in Table 2.1. It can be seen that the predictions from the analytical model in general fit the

experimental data. In particular, the magnitude plots show good fitting with the experimen-

tal data and predict the decaying trend as the frequency becomes higher. Although there is
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some discrepancy in the phase plots, the general trend of the experimental data is predicted

by the model.

The model (2.53) predicts that the sensing voltage is independent of the sample width.

This is supported by the experimental data in Fig. 2.20, where one can see that the sensing

behaviors of three samples, with different widths, are close to each other. The model also

predicts that the sample length will influence the magnitude but not the phase of the transfer

function, which is again verified by the experiments (Fig. 2.21).

Table 2.1: Parameter values used for the model (2.53).
Parameter Value

F 9.65×104 C/mol
K 0.072
h2 85 µm
h1 55 µm
d 1×10−8 m2/s
κe 5.31×10−10 C2N−1m−2

C0 0.1 M

2.6 Chapter Summary

A full electrochemomechanical model is presented for trilayer PPy actuators. The scaling

laws for two important parameters, the double-layer capacitance and the resistance, are pro-

posed and experimentally verified. The model can thus be written in terms of fundamental

material parameters and actuator dimensions. Through experiments with actuators of dif-

ferent dimensions (length and width), the following aspects of the scalability of the model

are independently validated: quasi-static force/displacement output, electrical admittance,

and dynamic displacement response. The model will be instrumental in feasibility analy-

sis for new applications of conjugated polymer actuators and in optimization of actuator

fabrication and design.
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Figure 2.20: Dynamic response of conjugated polymer sensors: Experimental measure-
ment (marks) versus model prediction (line). Three samples with different widths (fixed
length: 30 mm ).

Besides investigating sensing properties, we also proposed a model to explain the sens-

ing mechanism of conjugated polymers sensor. The model accounts for the ion transport

dynamics within the polymer, including both ion diffusion and electric field-induced mi-

gration. A key assumption of the model is that the applied deformation prescribes the

ion concentration at the polymer/electrolyte interface. The model was further simplified

by dropping the migration term. In that case, an analytical solution was obtained in the

Laplace domain, leading to an (infinite-dimensional) transfer function model for the sens-

ing dynamics. Experimental results were also reported to support the modeling effort.
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Figure 2.21: Dynamic response of conjugated polymer sensors: Experimental measure-
ment (marks) versus model prediction (line). Three samples with different lengths (fixed
width: 5 mm ).
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Chapter 3

Modeling Nonlinearities in Conjugated

Polymer Actuators

3.1 Redox Level-dependent Impedance Model

It is known that the redox level of conjugated polymer has significant impact on its ma-

terial properties [22, 23, 57], which will further influence the actuation performances [34].

However, understanding and modeling the influence of redox level are inadequate in the

previous work. Therefore the ions transport phenomenon is modeled as follows by a redox

level-dependent impedance model, which is developed by including both ionic diffusion

and migration effects and by using perturbation analysis. Experiments are conducted under

various redox conditions to verify the proposed model.

3.1.1 The Governing Partial Differential Equation

The anion flux J inside the polymer is captured by the Nernst-Planck equation [56], includ-

ing both a diffusion term and an electric field-induced migration term:

J =−d(∇C−+
C−F
RT

∇φ), (3.1)
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where d is the ionic diffusion coefficient, F is the Faraday’s constant, R is the gas constant,

T is the absolute temperature, φ is the electric potential, and ∇ denotes the gradient. The

continuity equation gives

∂C−

∂ t
= −∇ ·J,

= d
(

∇ ·∇C−+∇ ·
(

C−F
RT

∇φ
))

, (3.2)

where ∇· denotes the divergence.

Since the thickness of the PPy layer is much smaller than its length or width, one can

assume that, inside the polymer, J, D, E, and other changes are all restricted to the thickness

direction (denoted as x direction). This enables one to drop the boldface notation for these

variables; in particular, D and E will be used to represent the electric displacement and the

electric field (along the x direction). Furthermore, (3.2) can be simplified as

∂C−

∂ t
= d(

∂ 2C−

∂x2 +
F

RT
∂C−

∂x
∂φ
∂x

+
C−F
RT

∂ 2φ
∂x2 ). (3.3)

A pure delay is adopted to capture the oxidation dynamics, i.e.,

C+(x, t) = C−(x, t−T0), (3.4)

where T0 is the time taken for an anion A− to react with PPy. Finally, there are two bound-

ary conditions for (3.3): 1) C− at x = 0 equals the concentration in the PPy/PVDF double

layer; 2) The ionic flux J(x, t) at x = h2− h1 (the other boundary of PPy layer) vanishes,

assuming no ions leaking outside.

Equations (2.35), (2.36), (3.3), (3.4), and the boundary conditions form a complete

description of the ionic dynamics inside PPy.
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3.1.2 Perturbation Analysis

From (2.35) and (2.36), one can express
∂φ
∂x

and
∂ 2φ
∂x2 as

∂φ
∂x

= − F
κe

∫ x

0
(C+−C−)dξ +

∂φ
∂x

(0, t) (3.5)

∂ 2φ
∂x2 = − F

κe
(C+−C−). (3.6)

Supposing that the double layer charging process is relatively fast comparing to the ionic

dynamics in PPy (which is usually the case), the net charge inside the double layer is zero.

Further assume that the electrolyte in PVDF has good ionic conductivity, and thus the

electric field within is negligible. Under these assumptions, one can apply Gauss’s law to

a small volume containing the double layer and conclude ∂φ
∂x (0, t) = 0 in (3.5). Plugging

(3.5), (3.6), and (3.4) into (3.3), one obtains

∂C−

∂ t
= d(

∂ 2C−

∂x2 − F2

RT κe
C−(C−(x, t−T0)−C−(x, t))

− F2

RT κe

∂C−

∂x

∫ x

0
(C−(ξ , t−T0)−C−(ξ , t))dξ ). (3.7)

Eq. (3.7) is a nonlinear integro-differential equation that cannot be solved analytically.

We introduce perturbation analysis to linearize it around a nominal concentration C0, which

represents the redox level of the conjugated polymer. To proceed, let

C−(x, t) = C0 + εC−1 (x, t), (3.8)

with 0 < ε << 1. In (3.8), εC−1 (x, t) represents the small perturbation imposed on C0. Plug-

ging (3.8) into (3.7) and neglecting terms involving ε2, one gets the following linearized

equation that depends on the redox level C0:

∂C−1
∂ t

= d
(

∂ 2C−1
∂x2 − F2

RT κe
C0(C−1 (x, t−T0)−C−1 (x, t))

)
. (3.9)
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To obtain an analytical solution, one can convert (3.9) from the time domain to the Laplace

domain:

sC−1 = d

(
∂ 2C−1
∂x2 +

F2C−0
RT κe

· (1− e−sT0)C−1

)
, (3.10)

where s is the Laplace variable.

Eq. (3.10) can be further written as

∂ 2C−1
∂x2 =

s−K1C0(1− e−sT0)
d

C−1 , (3.11)

with the constant

K1
4
=

dF2

RT κe
.

The solution of (3.11) has a generic form

C−1 (x,s) = α1(s)eβ (s)x +α2(s)e−β (s)x, (3.12)

with

β (s) =

√
s−K1C0(1− e−sT0)

d
. (3.13)

The functions α1(s) and α2(s) are determined by the boundary conditions. The boundary

condition at the PPy/PVDF interface, x = 0, is

C−1 (0,s) = Cdl(s), (3.14)

where Cdl(s) denotes the ionic concentration in the double layer. Combining (3.12) and

(3.14) gives

α1(s)+α2(s) = Cdl(s). (3.15)

The other boundary condition, at x = h2− h1, requires that the ionic flux be zero. Using

(3.1), (3.5), and (3.8), and ignoring terms involving ε2, the zero flux condition at x = h2−h1
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reads
∂C−1
∂x

(h2−h1,s)+
C0F2

RT κe
(1− e−sT0)

∫ h2−h1

0
C−1 (ξ ,s)dξ = 0. (3.16)

Plugging (3.12) into (3.16), one gets

s(α1(s)eβ (s)(h2−h1)−α2(s)e−β (s)(h2−h1)) = (s−dβ 2(s))(α1(s)−α2(s)). (3.17)

Combining (3.15) and (3.17), one can solve for α1 and α2:

α1(s) =
se−β (s)(h2−h1)− (s−dβ 2(s))

∆(s)
Cdl(s), (3.18)

α2(s) =
seβ (s)(h2−h1)− (s−dβ 2(s))

∆(s)
Cdl(s). (3.19)

with ∆(s) defined as

∆(s) = s
(

eβ (s)(h2−h1) + e−β (s)(h2−h1)
)
−2(s−dβ 2(s)). (3.20)

3.1.3 Impedance Model

Fig. 3.1 shows the equivalent circuit for the proposed impedance model. The total current

I consists of three components, the double layer charging current IC, the diffusion current

ID, and the migration current IM. In the figure C denotes the double layer capacitance, R1 is

the ohmic resistance of the oxidized PPy layer, and R2 denotes the resistance of the reduced

PPy layer, the PVDF (electrolyte) layer, and the contacts. ZD and ZM represent the diffusion

dynamics and the migration dynamics, respectively. Each of the current components is

discussed next. We will be concerned with the voltage/current associated with the charge

concentration perturbation εC−1 .

Double layer charging current IC. Double-layer charges are established at the PPy/PVDF

interface in response to an applied voltage, which can be captured equivalently through a
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Figure 3.1: Equivalent circuit for the impedance model.

double layer capacitance C. The total stored charge in the double layer is εFAδCdl(s),

where A and δ denote the area of PPy layer and the thickness of the double layer, respec-

tively. The time derivative of the stored charge gives IC:

IC(s) = εFAδ sCdl(s). (3.21)

Diffusion current ID. The diffusion flux at the PPy/PVDF interface (i.e., x = 0) is

given by the Fick’s law and equals −dε ∂C−1
∂x (0,s). But an electron is not released until

the oxidation takes place after T0 delay. ID is thus expressed as

ID(s) = −εFAde−sT0
∂C−1
∂x

(0,s)

= −εFAde−sT0β (s)(α1(s)−α2(s)) (3.22)

=
εFAdse−sT0β (s)(eβ (s)(h2−h1)− e−β (s)(h2−h1))

∆(s)
Cdl(s), (3.23)

where the second equality follows from (3.12).

Migration current IM. IM is induced by the net charges QP inside the PPy layer. Ap-

plying the integral form of Gauss’s law to the PPy layer and recalling E(0,s) = 0, one can
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obtain

QP(s) = AD(h2−h1,s) = AκeE(h2−h1,s) =−Aκe
∂φ
∂x

(h2−h1,s)

= −εFA(1− e−sT0)
∫ h2−h1

0
C−1 (ξ ,s)dξ (3.24)

= −εFA(1− e−sT0)
α1eβ (h2−h1)−α2e−β (h2−h1)− (α1−α2)

β
, (3.25)

where (3.24) follows from (3.5) and (3.25) follows from (3.12). IM is then expressed as

IM(s) = sQP(s)

= −εFAs(1− e−sT0)
α1eβ (h2−h1)−α2e−β (h2−h1)− (α1−α2)

β

= −εFAds(1− e−sT0)β (s)(eβ (s)(h2−h1)− e−β (s)(h2−h1))
∆(s)

Cdl(s).

(3.26)

Since the total current is

I(s) = IC(s)+ ID(s)+ IM(s), (3.27)

and the total potential drop (see Fig. 3.1) is

V (s) =
IC(s)
sC

+R1IC(s)+R2I(s), (3.28)

the impedance of the trilayer conjugated polymer actuator can be calculated using (3.21),

(3.23), and (3.26):

Z(s) =
V (s)
I(s)

= R2 +
δ∆(s)(1+ sR1C)

sC
(
δ∆(s)+dβ (s)(2e−sT0 −1)(eβ (s)(h2−h1)− e−β (s)(h2−h1))

) .(3.29)

The model captures the dependence on the redox level C0 through β (s) defined in (3.13).
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The model is consistent with the diffusive-elastic-metal model [16] when the migration

dynamics and the oxidation dynamics are ignored.

3.1.4 Experiments and Discussions

The samples used in the experiments are fabricated by the Intelligent Polymer Research

Institute at the University of Wollongong, Australia, and a description of the fabrication

process can be found in, e.g., [58]. The PVDF layer is 110 µm thick, while each PPy

layer is 30 µm thick. The electrolyte used is tetrabutylammonium hexafluorophosphate

(TBA+PF−6 ) in the solvent propylene carbonate (PC), where PF−6 is the mobile anions that

can transfer into and out of the PPy layer. Each actuator is soaked in the electrolyte for two

hours before testing. The electrolyte stored in the PVDF layer enables the actuator to work

in air for several hours. Notice that both PPy layers were already doped with certain PF−6

during fabrication.

A dSPACE system (DS1104, dSPACE Inc) is used for data acquisition and processing.

A trilayer actuator is clamped on one end, where electrical contacts are made using copper

tapes coated with silver. The applied actuation voltage and the corresponding current are

measured. All the experiments are conducted at temperatures between 22 ◦C and 24 ◦C.

The samples were predoped with PF−6 during fabrication, and the nominal concentration

C0 in the absence of DC bias is estimated to be 1000 mol/m3 based on the deposition

conditions. Different C0 is obtained by applying DC biases of 0.5 V and 1 V, respectively,

where the change in C0 is calculated by dividing the transferred charges before reaching

the steady state by the PPy volume. Sinusoidal voltages of amplitude 0.05 V and frequency

0.08 - 200 Hz are superimposed on the DC voltage, as perturbations, for the measurement

of impedance spectrum. Electrolyte is prepared for two concentrations, 0.35 M and 0.25

M, for two sets of experiments. In each set, three samples of same dimensions and from

the same fabrication batch are prepared and subject to DC voltages of 0 V, 0.5 V, and 1 V,

respectively. The samples prepared with 0.35 M electrolyte have dimensions 15×5mm,
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while those with 0.25 M electrolyte have dimensions 30×6mm. For the convenience of

referencing, the samples with 0.35 M electrolyte are named Sample 1 (0 V), Sample 2 (0.5

V) and Sample 3 (1 V). The samples with 0.25 M electrolyte are named Sample 4, 5 and 6

in the same manner.

Some parameters of the model (3.29) are physical constants or can be measured di-

rectly, including gas constant R = 8.3143 J/mol ·K, Faraday’s constant F = 96487 C/mol,

absolute temperature T = 300 K, and PPy thickness h2−h1 = 3×10−5 m. Based on stud-

ies on the dielectric properties of conjugated polymers [59–61], the dielectric permittivity

κe is taken to be 60ε0, where ε0 represents the permittivity in vacuum. The double layer

thickness δ is difficult to measure, and an estimation of 25 nm is used based on the range

reported in [51].

Experiments are conducted to estimate the double-layer capacitance C, the nominal

redox level C0, and the resistances R1 and R2. If we assume that the internal capacitance of

the polymer per unit volume is close to the double-layer capacitance per unit volume [16],

C can be estimated using

C =
Q
U
· δ

h2−h1
, (3.30)

where Q is the charge transferred under an applied DC voltage U . Fig. 3.2 shows the trans-

ferred charges under DC voltages from 0.2 V to 1.2 V for different samples, from which

Q/U is estimated to be 0.13 for Sample 1, 2, 3, and 0.37 for Sample 4, 5, 6. Estimated

values of C based on (3.30) are listed in Table 3.1. Also listed in the table are the values

for the resistance R1, which are estimated with a conductivity of 200 S/cm based on the

studies on PPy doped with PF−6 [52, 62] under room pressure and temperature. The results

in Fig. 3.2, together with the sample dimensions, also enables us to compute the nominal

anion concentrations (redox level) C0, which are listed in Table 3.2. Finally, to measure

R2, a sinusoidal input 0.05sin(500πt) V is applied. Note that the small amplitude ensures

minimal influence on C0. At this high frequency, the trilayer actuator is almost resistive
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and the measured impedance is approximately R1 +R2. It is observed that R1 is negligible

compared with the measured resistance, thus R2 is chosen to be the measured resistance.

Since the redox level has impact on the resistance of the reduced PPy layer, values of R2

will be different for different samples, as shown in Table 3.2. The only remaining parame-

ters are the diffusion constant d and the time delay of oxidation T0, which will be identified

through curve fitting.
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Figure 3.2: The relationship between transferred charges and applied voltage for different
samples.

Table 3.1: Estimated values for C and R1.
Parameter Sample 1, 2 and 3 Sample 4, 5 and 6

C (F) 1.03×10−4 3.17×10−4

R1 (Ω) 2×10−5 8.3×10−6

Experimentally measured impedance spectra have been used to verify the proposed

redox level-dependent impedance model. For comparison purposes, the diffusive-elastic-

metal model [16] has also been used. Besides the parameters estimated in the previous
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Table 3.2: Estimated values for C0 and R2.
C0(mol/m3) R2(Ω)

Sample 1 1000 34.0
Sample 2 1323 46.3
Sample 3 1646 56.7
Sample 4 1000 26.6
Sample 5 1363 30.2
Sample 6 1726 50.3

subsection, the only free parameter for the diffusive-elastic-metal model is the diffusion

constant d. For each set of experiments (0.35 M or 0.25 M electrolyte), the value of d is

estimated by fitting the diffusive-elastic-metal model to the measured impedance spectrum

under a DC voltage of 0 V. The same value will be used for the proposed model as well. The

last parameter, T0, for the proposed model, is obtained by fitting the measured impedance

spectrum under a DC bias of 0.5 V. Then the measured spectra under DC voltages of 0 V

and 1 V are compared to the predictions by the redox level-dependent model, without fur-

ther tuning of any parameters, thus serving as independent checks on the proposed model.

Note that the predictions by the diffusive-elastic-metal model do not vary with the DC bias.

Fig. 3.3 through Fig. 3.5 show the results for Sample 1 through Sample 3. Using the

aforementioned methods, the values of d and T0 are identified as: d = 2.5× 10−11m2/s,

T0 = 1.9 ns. It is found that, while the two models are comparable at a low redox level, the

proposed model shows clear advantage at higher redox levels, as can be seen in Fig. 3.4

and Fig. 3.5. Consistent results are obtained for Sample 4 - Sample 6. Here d and T0 are

estimated to be d = 1.5×10−11m2/s, T0 = 4 ns. It is again seen that the proposed model is

able to capture the redox-level dependent impedance, as shown in Fig. 3.6 through Fig. 3.8.

This work, for the first time, incorporates the effect of redox level into the dynamics of

conjugated polymers in an integrative way, which enhances fundamental understanding of

conjugated polymers and and facilitates the use of nonlinear control methods for effectively

controlling these materials. The proposed method applies to general conjugated polymers

54



as well.
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Figure 3.3: Model predictions versus experimental impedance for Sample 1 (0.35 M elec-
trolyte, 0 V DC voltage).

3.2 Nonlinear Mechanical Model Based on a Swelling Frame-

work

The complete actuation model structure has been discussed in Chapter 2. Extensive works

have been done to understand the dynamic relationship between the amount of transferred

ions and the applied potential. Another important aspect is to predict the mechanical output

based on the swelling introduced by the transferred ions. The classical beam theory has

been applied to model the bending curvature for bilayer PPy actuators [15, 27] and trilayer

actuators as shown in Eq. (2.27). However, the model is only valid when the ion movement-

induced swelling is small so that the following two assumptions hold: 1) the strain and
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Figure 3.4: Model predictions versus experimental impedance for Sample 2 (0.35 M elec-
trolyte, 0.5 V DC voltage).

the stress can be related linearly; 2) the geometry nonlinearities can be neglected. The

tensile strength experiments have shown that the strain and stress relationship of PPy films

becomes clearly nonlinear as the strain is increased over 4% [29,30]. These results indicate

that the linear model based on the assumption that the stress varies linearly with the strain

becomes invalid as the deformation gets large. Therefore, it is imperative to develop a

nonlinear model to predict the actuator performance for applications where large actuation

is involved.

Large swelling and bending present challenges to the mechanical model based on the

linear elasticity theory. Firstly, when the deformation is large, the swelling effect and the

bending effect are coupled and thus cannot be superimposed as those in (2.22) and (2.24)

because of the geometric nonlinearities. Secondly, the strain-stress relationships of PVDF

and PPy films become nonlinear as the strain increases [29,30,63,64]. Thirdly, under large

swelling, the symmetrical trilayer arrangement generates a neutral line that is no longer at
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Figure 3.5: Model predictions versus experimental impedance for Sample 3 (0.35 M elec-
trolyte, 1 V DC voltage).

the center line due to the geometric nonlinearity. Therefore, the nonlinear elasticity theory-

based method is introduced in this section to model large bending motions.

We use ν1 and ν2 to denote the swellings of the reduced and oxidized PPy layer, respec-

tively. The swelling is defined as the ratio between the volume after electrical actuation and

the original volume. If νi > 1, the volume is increased; if νi < 1, the volume is decreased.

Assuming that the volume change is proportional to the transferred charge density, one can

calculate ν1 and ν2 at the steady state

ν1 =
V0− k2ρV0

V0
= 1− k2ρ, (3.31)

ν2 =
V0 + k2ρV0

V0
= 1+ k2ρ, (3.32)

where V0 represents the original volume. The value of k2 can be determined by experimen-

tal data, which has the order of 10−10m3 ·C−1 [16]. When one PPy layer is reduced and
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Figure 3.6: Model predictions versus experimental impedance for Sample 4 (0.25 M elec-
trolyte, 0 V DC voltage).

repels dopants, the other PPy layer is oxidized and accepts dopants. Therefore, the PVDF

layer is merely an ion conducting layer, and we assume that its volume does not change.

3.2.1 Finite Strain Tensors

In linear elasticity the infinitesimal strain tensor is used to capture the structural deforma-

tion, where “infinitesimal” implies that the theory is only valid as the displacement gradient

is vanishingly small. However, the strain can be significant in many applications. Thus the

finite strain tensors are introduced in nonlinear elasticity, which will be adopted below.

Consider a trilayer beam that bends because of differential swellings in the two outer

layers. The reference configuration is in Cartesian coordinates, while the deformed config-

uration is in cylindrical coordinates for the convenience of modeling the bending. This is

shown in Fig. 3.9, where x represents the thickness coordinate, y represents the length co-

ordinate, and z stands for the width coordinate. The axes in the cylindrical coordinates are

58



10
-1

10
0

10
1

10
2

10
3

25

30

35

40

M
a
g

n
it

u
d

e
 (

d
B

)

10
-1

10
0

10
1

10
2

10
3

-30

-20

-10

0

P
h

a
s
e
 (

d
e
g

)

Frequency (rad/sec)

Experiments
Diffusive-elastic-metal model
Redox level-dependent model

Figure 3.7: Model predictions versus experimental impedance for Sample 5 (0.25 M elec-
trolyte, 0.5 V DC voltage).

labeled by r, θ and ς , which represent the radius, azimuth, and width coordinates, respec-

tively. Because the length of the beam is usually much larger than the width, it is assumed

that the there are no changes along the width direction z, which means

ς = z. (3.33)

The bending angle θ is considered to be proportional to the position along the y axis in the

reference configuration,

θ = αy, (3.34)

where α is a proportionality constant that will be determined by the analysis. The bending

radius r is assumed to be independent of y and z,

r = r(x). (3.35)
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Figure 3.8: Model predictions versus experimental impedance for Sample 6 (0.25 M elec-
trolyte, 1 V DC voltage).

The orthonormal basis vectors in the Cartesian coordinates are denoted by ex, ey, and ez,

and they are denoted by er, eθ , and eς in the cylindrical coordinates. By definition, these

vectors are represented by

ex =
(

1 0 0

)′
, er =

(
1 0 0

)′
,

ey =
(

0 1 0

)′
, eθ =

(
0 1 0

)′
,

ez =
(

0 0 1

)′
, eς =

(
0 0 1

)′
,

where “ ′ ” denotes the transpose operation.

For ease of analysis, the dyadic product operation is denoted by the symbol
⊗

. The
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Figure 3.9: Illustration of the reference configuration and the deformed configuration.

meaning of
⊗

is illustrated as follows:

(
x1 x2 x3

)′
⊗

(
y1 y2 y3

)′
=




x1y1 x1y2 x1y3

x2y1 x2y2 x2y3

x3y1 x3y2 x3y3




. (3.36)
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This gives the matrix representations

er⊗ ex =




1 0 0

0 0 0

0 0 0




, (3.37)

eθ ⊗ ey =




0 0 0

0 1 0

0 0 0




, (3.38)

eς ⊗ ez =




0 0 0

0 0 0

0 0 1




. (3.39)

Suppose that the deformation takes X = (x,y,z)T in the reference configuration to Ψ =

(r,θ ,ς)T in the deformed configuration. The deformation gradient is defined as

F =
∂Ψ
∂X

⇐⇒ dΨ = FdX, (3.40)

where

dΨ = dr · er + rdθeθ +dςeς ,

dX = dxex +dyey +dzez.

From (3.33), (5.21), and (3.35), the deformation gradient is written as

F =
dr
dx

er⊗ ex + rαeθ ⊗ ey + eς ⊗ ez

=




dr
dx 0 0

0 rα 0

0 0 1




. (3.41)
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The left Cauchy-Green deformation tensor is [65]

B = FF′ = λ 2
r er⊗ er +λ 2

θ eθ ⊗ eθ + eς ⊗ eς

=




λ 2
r 0 0

0 λ 2
θ 0

0 0 1




, (3.42)

where

λr , dr
dx

, λθ , rα. (3.43)

For incompressible materials, the deformation satisfies the constraint that the volume is not

changed by the bending after swelling, which means

det F = ν , (3.44)

where ν is defined to be the swelling ratio in the different layers,

ν =





ν1, for the reduced PPy layer

1, for the PVDF layer

ν2, for the oxidized PPy layer

. (3.45)

From (3.83), the above equation can be written as

dr
dx

=
ν

αr
, (3.46)

implying that λr is a function of r, α , and ν . One can integrate (3.86) and obtain the

following equation for the reduced PPy layer:

r(x) =

√
r2

1 +
2
α

∫ x

−h2

ν1dx, −h2 6 x 6−h1, (3.47)
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where r1 is defined as the radius at the inner surface of the beam, as shown in Fig. 3.10.

Since the swelling is assumed to be uniform over the reduced PPy layer, one can simplify

(3.47) to be

r(x) =

√
r2

1 +
2ν1(x+h2)

α
, −h2 6 x 6−h1. (3.48)

Similar equations can be obtained for the PVDF and the oxidized PPy layers:

r(x) =

√
r2

2 +
2(x+h1)

α
, −h1 6 x 6 h1, (3.49)

r(x) =

√
r2

3 +
2ν2(x−h1)

α
, h1 6 x 6 h2, (3.50)

where r2 is defined as the radius of the boundary between the reduced PPy layer and the

PVDF layer, r3 as the radius of the boundary between the PVDF layer and the oxidized

PPy layer, and r4 as the radius of the outer surface of the beam. The expressions for r2, r3

and r4 are thus

r2 =

√
r2

1 +
2ν1(h2−h1)

α
, (3.51)

r3 =

√
r2

2 +
4h1

α
, (3.52)

r4 =

√
r2

3 +
2ν2(h2−h1)

α
. (3.53)

3.2.2 Stresses

For an isotropic incompressible material, the Cauchy stress tensor depends on the elastic

energy density function Ŵ as follows [65],

σ =
2
ν

[
∂Ŵ
∂ I1

B+
∂Ŵ
∂ I2

(I1B−B2)]− pI, (3.54)
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Figure 3.10: Definition of the bending radii at different locations.

where I is the identity matrix. Here p has the interpretation of unknown hydrostatic pres-

sure. I1 and I2 are the invariants defined as follows,

I1 = trace(B) = 1+λ 2
r +λ 2

θ (3.55)

I2 =
1
2
[(trace(B))2− trace((B)2)] = λ 2

r +λ 2
θ +λ 2

r λ 2
θ . (3.56)

Since I1 and I2 are functions of λr, λθ , which are in turn functions of r, α , and ν , it is

possible to write

Ŵ (I1, I2,ν) = W̃ (λr,λθ ,ν) = W (r,α,ν). (3.57)

In the development that follows, each of these is useful in different places.

Combining (3.54), (3.55), (3.56), and (3.57), one can verify that the principal Cauchy
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stresses are given by

σrr =
λr

ν
∂W̃
∂λr

− p, (3.58)

σθθ =
λθ
ν

∂W̃
∂λθ

− p. (3.59)

In the absence of body forces, the equilibrium configuration gives

divσ = 0, (3.60)

which holds within each of the three layers. From (3.46) and (3.58), σrr is a function of r

only. Eq. (3.60) in the er direction then gives [31]

dσrr

dr
+

1
r
(σrr−σθθ ) = 0. (3.61)

Subtracting (3.59) from (3.58) and utilizing (3.57), one has

σrr−σθθ =− r
ν

∂W
∂ r

. (3.62)

We will use “PPy1” to denote the reduced PPy layer, and “PPy2” to denote the oxidized

PPy layer. Considering the boundary condition σPPy1
rr (r1,α,ν1) = 0 and combining (3.61)

and (3.62), one obtains the following expression for the principal Cauchy radial stress in

the reduced PPy layer:

σPPy1
rr =

1
ν1

(W PPy1(r,α,ν1)−W PPy1(r1,α,ν1)). (3.63)

From (3.62) and (3.63), the principal Cauchy hoop stress in the reduced PPy layer is

σPPy1
θθ =

1
ν1

(W PPy1(r,α,ν1)−W PPy1(r1,α ,ν1)+ r
∂W PPy1

∂ r
). (3.64)
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Similar analysis can be used to derive the stresses in the PVDF and the oxidized PPy layer,

which results in

σPV DF
rr = W PV DF(r,α)−W PV DF(r2,α)+σPV DF

rr (r2,α), (3.65)

σPPy2
rr =

1
ν2

(W PPy2(r,α,ν2)−W PPy2(r3,α,ν2))+σPPy2
rr (r3,α,ν2), (3.66)

where σPV DF
rr (r2,α) and σPPy2

rr (r3,α,ν2) specify the interface values. Note that we have

used the assumption of no swelling for the PVDF layer in (3.65). When there are no

fractures or delamination between different layers, σrr on the interfaces of these layers is

continuous, which gives

σPV DF
rr |r=r2 = σPPy1

rr |r=r2 =: σrr|r2, σPPy2
rr |r=r3 = σPV DF

rr |r=r3 =: σrr|r3.

It follows from (3.63) and (3.65) that

σrr|r2 =
1
ν1

(W PPy1(r2,α ,ν1)−W PPy1(r1,α,ν1)),

σrr|r3 = W PV DF(r3,α)−W PV DF(r2,α)+
1
ν1

(W PPy1(r2,α,ν1)−W PPy1(r1,α ,ν1)).

Similar to (3.64), the following equations for hoop stresses in the PVDF layer and the other

PPy layer can be derived,

σPV DF
θθ = σPV DF

rr + r
∂W PV DF

∂ r
, (3.67)

σPPy2
θθ = σPPy2

rr +
r

ν2

∂W PPy2

∂ r
. (3.68)

3.2.3 Equilibrium

The force and bending moment at any cross section of the beam are zero at the equilib-

rium, which is similar to (2.31) and (2.21) but takes different expressions in the cylindrical
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coordinates:

∫ r2

r1

σPPy1
θθ dr +

∫ r3

r2

σPV DF
θθ dr +

∫ r4

r3

σPPy2
θθ dr = 0, (3.69)

∫ r2

r1

σPPy1
θθ rdr +

∫ r3

r2

σPV DF
θθ rdr +

∫ r4

r3

σPPy2
θθ rdr = 0. (3.70)

To capture the nonlinear strain-stress relationship of the PVDF and PPy as the strain in-

creases [29,30,63,64], the energy functions for PVDF and PPy layers are assumed to be of

neo-Hookean types [66], which means that they take the general form of

W =
µ
2

(I1−3ν2/3), (3.71)

where µ is the shear modulus. It therefore follows from (3.43), (3.86), (3.55), and (3.56)

that

WPPy1(r,α ,ν1) =
1
2

µPPy[(
ν1

αr
)2 +(αr)2 +1−3ν2/3

1 ], (3.72)

WPV DF(r,α) =
1
2

µPV DF [(
1

αr
)2 +(αr)2−2], (3.73)

WPPy2(r,α,ν2) =
1
2

µPPy[(
ν2

αr
)2 +(αr)2 +1−3ν2/3

2 ]. (3.74)

The shear modulus µi is related to the small strain Young’s modulus Ei by µi = Ei/3,

since the constraint (3.46) implies a Poisson ratio of 0.5. It is assumed that the energy

functions for PVDF and PPy layers are of neo-Hookean types, because the neo-Hookean

model contains the quadratic terms of the mechanical deformation gradient, and it has been

adopted to model the nonlinear strain-stress relationships of different smart materials, such

as PVDF [67, 68] and ionic polymer-metal composite (IPMC) [69]. Substituting (3.72),
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(3.73), and (3.74) into (3.64), (3.67) and (3.68), one obtains

σPPy1
θθ =

µPPy

2ν1
[α2(3r2− r2

1)−
ν2

1
α2 (

1
r2 +

1
r2

1
)], (3.75)

σPV DF
θθ =

µPV DF

2
[α2(3r2− r2

2)−
1

α2 (
1
r2 +

1
r2

2
)]+σrr|r2, (3.76)

σPPy2
θθ =

µPPy

2ν2
[α2(3r2− r2

3)−
ν2

2
α2 (

1
r2 +

1
r2

3
)]+σrr|r3. (3.77)

From (3.75), (3.76) and (3.77), the left hand side of (3.69) is expressed as

∫ r2

r1

σPPy1
θθ dr +

∫ r3

r2

σPV DF
θθ dr +

∫ r4

r3

σPPy2
θθ dr

=
r4

ν2
(W PPy2(r4,α,ν1)−W PPy2(r3,α,ν1))+σrr|r3 · (r4− r3)

+r3(W PV DF(r3,α,ν1)−W PV DF(r2,α,ν1))+σrr|r2 · (r3− r2)

+
r2

ν1
(W PPy1(r2,α ,ν1)−W PPy1(r1,α ,ν1)). (3.78)

Substituting (3.72), (3.73), and (3.74) into (3.78), one finds that the force balance (3.69)

becomes

µPPy

2ν2
[
ν2

2
α2 (

1
r2

4
− 1

r2
3
)+α2(r2

4− r2
3)]+

µPV DF

2
[

1
α2 (

1
r2

3
− 1

r2
2
)+α2(r2

3− r2
2)]

+
µPPy

2ν1
[
ν2

1
α2 (

1
r2

2
− 1

r2
1
)+α2(r2

2− r2
1)] = 0. (3.79)

Note that (3.79) also ensures the boundary condition σPPy2
rr (r4,α,ν2) = 0. From (3.75),

(3.76) and (3.77), one can find that the moment balance (3.70) becomes

µPPy

ν1
{3

4
α2(r4

2− r4
1)+(

ν1

α
)2 ln

r1

r2
+

1
2
(r2

1− r2
2)[(

ν1

αr1
)2 +(αr1)2]}

+µPV DF{3
4

α2(r4
3− r4

2)+(
ν1

α
)2 ln

r2

r3
+

1
2
(r2

2− r2
3)[(

1
αr2

)2 +(αr2)2]}

+
µPPy

ν2
{3

4
α2(r4

4− r4
3)+(

ν1

α
)2 ln

r3

r4
+

1
2
(r2

3− r2
4)[(

ν1

αr3
)2 +(αr3)2]}= 0. (3.80)
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In summary, the problem is now formulated as solving the nonlinear equations (3.79) and

(3.80) simultaneously to obtain the two unknown variables r1 and α . These two variables

capture the deformed configuration for given swellings ν1 and ν2. Note that in the linear

elasticity theory-based method, the force balance is automatically satisfied for a symmet-

rical trilayer structure. However, (3.79) is required in the nonlinear elasticity theory-based

method. Newton’s method is applied to numerically solve (3.79) and (3.80) with the aid of

(3.51)−(3.53). Thus a large bending strain model is established for the trilayer conjugated

polymer actuator with actuation voltage as the input and bending radius as the output.

3.2.4 Experimental Verification

The PPy layer is 30 µm thick, and the PVDF layer is 110 µm thick, which implies that the

values of the parameters h1 and h2 are 55µm and 85µm, respectively. The electrolyte used

is 0.05 M tetrabutylammonium hexafluorophosphate (TBA+PF−6 ) in the solvent propylene

carbonate (PC). Two actuators of different dimensions are cut from the fabricated sheet.

The size of two samples are 12.8× 5.0 mm2 (Sample 1) and 31.2× 6.0 mm2 (Sample 2)

respectively. Each actuator is stored in the electrolyte before experiments for five hours to

ensure that the PVDF layer is sufficiently soaked with electrolyte.

The relationships between the input voltages and the transferred charges for the two

different samples are shown in Fig. 3.11. The constant k1 in (2.15) can be determined from

the experimental data, which is found to be 0.0936 C/V and 0.1801 C/V, respectively,

for Sample 1 and 2. The value of the swelling-to-charge ratio κ2 obtained through fine

tuning based on the reported value in [16], which results in k2 = 1.12× 10−10 m3 ·C−1.

The small strain Young’s moduli of PPy and PVDF are taken to be 60 MPa and 612 MPa

[13],respectively.

The predictions of r1 and α on the basis of (3.79) and (3.80) are shown in Fig. 3.12

− Fig. 3.15 for the two samples. The experimental data for the bending radii are also

compared with the predictions of r1 in Fig. 3.12 and Fig. 3.13 for the two samples. The
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Figure 3.11: The relationships between the input voltages and the transferred charges for
the two different samples.

predictions by the linear model (2.29) are also shown in the figures for comparison pur-

poses. Note that the same parameters are used in the linear model. It can be seen that

when the applied voltage is low, (i.e., the volume changes of the PPy layers are small), the

predictions by the linear and nonlinear models can both fit the experimental data. But as

the applied voltage increases, the prediction of the linear model deviates significantly from

the experimental data. On the other hand, the nonlinear model still shows good fitting, thus

demonstrating the effectiveness of the nonlinear model over a larger deformation range.

Based on the obtained values of r1 and α , one can calculate r2, r3 and r4 by using (3.51),

(3.52) and (3.53). Furthermore the thickness of PPy layers can be obtained by calculating

r2− r1 and r4− r3 at different actuation voltages. Similarly the thickness of PVDF layer

is obtained through r3− r2. The results for Sample 1 are shown in Fig. 3.16 and Fig. 3.17.

When the voltage increases, the thickness of the reduced PPy layer will decrease and that

of the oxidized PPy layer will increase for the oxidized PPy layer. The change percentage

at 2 V is -0.83% for the reduced PPy layer and 0.67% for the oxidized PPy layer. The
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Figure 3.12: Quasi-static bending under different actuation voltages for Sample 1 (13×5
mm).
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Figure 3.13: Quasi-static bending under different actuation voltages for Sample 2 (33×6
mm).
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Figure 3.14: Computational results on the change of α versus the applied voltage for Sam-
ple 1 (13×5 mm).
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Figure 3.15: Computational results on the change of α versus the applied voltage for Sam-
ple 2 (33×6 mm).
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thickness of the PVDF layer is decreasing but at a slower rate when the input voltage

is increasing. The change percentage at 2 V is 0.21%. Note that these results provide

interesting insight into the deformed configuration. Such information is not available from

linear models, since the latter assume fixed thickness throughout the deformation.
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Figure 3.16: Computational results on the changes of thickness of the PPy layers with the
applied voltage for Sample 1.

3.3 Fiber-directed Conjugated Polymer Torsional Actua-

tor

Different configurations of conjugated polymer actuators have been exploited. Bilayer and

trilayer benders are investigated in [8, 32], which utilize the strain difference in different

layers of a beam to generate bending motion. Linear extenders are investigated in [7],

where the conjugated polymer is immersed in electrolyte and the volume is changed as

ion transfer between the polymer and electrolyte takes place under an applied potential.
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Figure 3.17: Computational results on the changes of thickness of the PVDF layer with the
applied voltage for Sample 1.

However, more complicated actuator motions will be required. For example, torsional

motion is highly desirable in microsurgery and other robotic applications. Fiber-reinforced

elastic material can generate complicated deformation [70–72]. The anisotropy associated

with the interaction between the fibers and the material matrix makes the material resist

elongation in certain directions, which generates torsional motion when the volume of the

material changes [33]. This principle provides a potentially useful approach to fabricating

compact torsional actuators using conjugated polymer. Also conjugated polymer is an ideal

material to realize the design of fiber reinforced elastic material actuator in practice, since

the volume of the polymer can be changed easily with electrical actuation.

A conjugated polymer tube was fabricated by Ding et al. [73], where platinum wires

were integrated into conjugated polymer during fabrication process. However, the purpose

for the platinum wires in that paper was to increase the electrical conductivity along the

tube, so the torsional motion introduced by the fiber-directed structure was not investigated.

To the best of the author’s knowledge, there has been no detailed investigation on torsional
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motion in a fiber-reinforced conjugated polymer actuators.

In this dissertation, torsional motion of a fiber-directed conjugated polymer actuator is

investigated from both theoretical and experimental perspectives. A nonlinear elasticity-

based model is proposed to capture the relationship between the actuation voltage and the

torsional motion of the conjugated polymer tube. Compared with a linear elasticity-based

model, this model is able to capture the large deformations. The model is verified with

experimental measurements made on a platinum fiber-directed conjugated polymer tube.

Fiber-reinforced elastic materials can generate complicated deformation when subject

to swelling. When the fibers are aligned in special ways, the material matrix containing

fibers will expand in the direction perpendicular to the fiber [33]. A specific case is studied

where the fiber is helically wound about a elastic tube with a fixed pitch angle, which

is illustrated in Fig. 3.18. The elastic material we consider here is PPy, the volume of

which can be changed through electrical activation. Theoretical analysis shows that the

tube will generate torsional motion when subject to swelling. Platinum wires are chosen to

be integrated into PPy tube during the fabrication with some pitch angle β .

To fabricate the actuator, it is crucial to integrate the fibers into the material matrix of

PPy. This would ensure that, when the PPy tube volume changes, the torsional motion will

be generated when the motion in other directions are constrained. For this purpose, firstly a

glass cylinder with a diameter of 2.5 mm is used as the substrate and coated uniformly with

gold through sputtering. Then a platinum wire with diameter of 25 µm is wound uniformly

along the glass cylinder. The pitch angle β is 80o. This tube is soaked in the electrolyte

(0.05M Li+TFSI− in Propylene Carbonate) and connected to the working electrode of a

potentiostat (OMNI101 from Cypress Systems). An electrochemical deposition process

is conducted by following the method in [13]. To maintain a constant potential on PPy

when PPy grows on the surface of glass tube, an Ag/AgCl reference electrode (Aldrich

Chemical) is used. The auxiliary electrode is a stainless steel mesh. The electrolyte used

in experiment is a mixed solution of 0.1M pyrrole, 0.1M LiTFSI in Propylene Carbonate
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(a)

(b)

Figure 3.18: (a) Illustration of the conjugated polymer-based torsional actuator; (b) picture
of the fabricated torsional actuator.

with 0.5w/w% water. The current density is maintained at 2 mA/cm2 for good uniformity.

Different PPy tube wall thickness can be achieved by controlling the deposition time. The

PPy wall integrates the platinum wire during the deposition. Then because the sputtered

gold layer has poor adhesion force with the PPy inner surface, the PPy tube can be easily

taken off from the glass cylinder. The inner diameter of the tube can be controlled by

choosing different glass cylinder diameters.

3.3.1 Nonlinear Mechanical Modeling Framework

The original and deformed configurations are shown in Fig. 3.20, where F represents the

deformation gradient, which can map vectors (expressed in Z,R,Θ domain) in the original

configuration to vectors (expressed in z,r,θ domain) in the deformed configuration. The

pitch angle is defined as β (0 < β < 90o) [33].
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Figure 3.19: The experimental setup to fabricate the fiber-directed conjugated polymer
actuator.

The deformation can be characterized by the following equation:

r = r(R), θ = Θ+κZ, z = λzZ, (3.81)

where κ is the twist per unit length, and λz is the elongation per unit length in the longitu-

dinal direction. Suppose that the deformation takes a particle at location X in the reference

configuration to the location x in the deformed configuration. The deformation gradient is

defined as

F =
∂x
∂X

, (3.82)
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Figure 3.20: Illustration of the actuator configuration. Left: original configuration; right:
deformed configuration.

where

∂X = dR eR +RdΘeΘ +dZ eZ,

∂x = dr er + rdθ eθ +dzez,

eR,eΘ, and eZ are the orthonormal unit vectors in the original configuration, and er,eθ ,and

ez are the orthonormal unit vectors in the deformed configuration. The deformation gradient

tensor is

F =
dr
dR

er⊗ eR +
r
R

eθ ⊗ eΘ +κreθ ⊗ eZ +λzez⊗ eZ, (3.83)
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where ⊗ is the dyadic product. We assume that PPy is mechanically incompressible both

before and after swelling. This assumption is based on relevant literature [74]. So the

deformation satisfies the constraint that the volume is not changed by the deformation after

swelling, which means

det F = ν . (3.84)

This, together with (3.83), implies

1
R

λzr
dr
dR

= ν . (3.85)

Rewriting (3.85) as rdr = ν
λz

RdR and integrating, we get

r2 = r2
i +

2
λz

∫ R

Ri

νRdR, (3.86)

where ri and Ri are the inner radii of the tube in the original configuration and the deformed

configuration, respectively. The left Cauchy-Green deformation tensor is defined by

B = FFT. (3.87)

Following (3.83) and (3.85), B can be further expressed as

B =
ν2R2

λ 2
z r2 er⊗ er +(κ2 +

1
R2 )r2eθ ⊗ eΘ

+κλzr(eθ ⊗ ez + ez⊗ eθ )+λ 2
z ez⊗ ez. (3.88)

The principal invariants of B are defined as

I1 = tr(B), I2 = I3tr(B−1), I3 = det(B). (3.89)

80



From (3.83), the invariant I1 is obtained as

I1 =
ν2R2

λ 2
z r2 +

r2

R2 +κ2r2 +λ 2
z . (3.90)

The elastic energy function of PPy can be denoted by Φm and modeled in the neo-Hookean

form as

Φm =
1
2

µ(I1−3ν2/3), (3.91)

where µ is a material elastic constant that can be taken as EPPy/3, where EPPy is the Young’s

modulus [48].

Let M be the unit vector in the reference configuration that defines the fiber direction

in the material matrix:

M = sinβeΘ + cosβeZ, (3.92)

where β is the pitch angle defined in Fig. 3.20. Given the deformation gradient F, the unit

vector M is mapped into

m = FM = (κ cosβ +
1
R

sinβ )γeθ +λz cosβez. (3.93)

The square of the stretch of the fiber under actuation is

I4 = tr(m⊗m) = (κ cosβ +
1
R

sinβ )2γ2 +λ 2
z cos2 β . (3.94)

The strain energy function of the fiber can be modeled as

Φ f =
1
2

γ(I4−1)2, (3.95)

where γ is another material constant that may be taken as proportional to Eplatinum. The pro-

portionality constant will depend on the volume fraction of fibers in the overall composite.
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Using the connection between the nonlinear theory and the linear theory of anisotropic

elasticity [75], we may take γ = 1
5Eplatinum in this investigation. Therefore, the total energy

of the fiber-reinforced PPy actuator is

W = Φm +Φ f . (3.96)

The Cauchy stress tensor is [33]

σ =
1
ν

∂W
∂F

FT − pI. (3.97)

Considering the expression of total energy in (3.96), the Cauchy stress can be written as

[33]

σ =
2
ν

∂Φm

∂ I1
B+

2
ν

∂Φ f

∂ I4
m⊗m− pI. (3.98)

Considering (3.88) and (3.93), we can express (3.98) as

σ = σrrer⊗ er +σθθ eθ ⊗ eθ +σθz(eθ ⊗ ez + ez⊗ eθ )

+σzzez⊗ ez, (3.99)

where

σrr = −p+
µνR2

λ 2
z r2 , (3.100)

σθθ = −p+
µr2

ν
(κ2 +

1
R2 )

+
2γr2

ν
(κ cosβ +

1
R

sinβ )2(I4−1), (3.101)

σzz = −p+
µ
ν

λ 2
z +

2γ
ν

λ 2
z (I4−1)cos2 β , (3.102)

σθz =
µ
ν

κλzr +
2γ
ν

λzr cosβ (κ cosβ

+
1
R

sinβ )(I4−1). (3.103)
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This framework is built on strain energy functions and general deformation gradients, and

it is thus valid for both small and large deformations.

3.3.2 Boundary Conditions

The boundary conditions on the conjugated polymer actuator are specified as follows:

σrr|R=Ri = 0, σrr|R=R0 = 0, (3.104)

which represent that there is no direct loading applied to the inner and outer lateral surfaces.

Notice that R is used in (3.104) since r is also a function of R. The equilibrium equation

divσ = 0 in the directions of r, z, and θ can be written as follows:

∂σrr

∂ r
+

1
r

∂σrθ
∂θ

+
∂σrz

∂ z
+

1
r
(σrr−σθθ ) = 0, (3.105)

∂σrz

∂ r
+

1
r

∂σθz

∂θ
+

∂σzz

∂ z
+

σrz

r
= 0, (3.106)

∂σrθ
∂ r

+
1
r

∂σθθ
∂θ

+
∂σzθ

∂ z
+

2σrθ
r

= 0, (3.107)

where σrθ = 0, σrz = 0 in this case. Considering (3.101), (3.102), and (3.103), one can

show that (3.106) and (3.107) reduce to ∂ p
∂ z = 0 and ∂ p

∂θ = 0, which means that p is a

function of r only. Given σrθ = 0 and σrz = 0, one can write (3.105) as follows by using

(3.85):
dσrr

dR
=− νR

λzr2 (σrr−σθθ ), (3.108)

which can be furthermore expanded by considering (3.100)

d p
dR

=
νR
λzr2 (σrr−σθθ )+

µν
λ 2

z

d
dR

(
R2

r2 ). (3.109)
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Integrating (3.109) after substituting the expression of (3.100) minus (3.101), one can ob-

tain the expression of p by using the boundary condition σrr|R=R0 = 0:

p =
νR2µ
λ 2

z r2 −
∫ R0

R
(µ(

ν2R3

λ 3
z r4 −

R(R2κ2 +1)
λzR2 )

−2Rγ
λz

(κcosβ +
1
R

sinβ )2(I4−1))dR. (3.110)

Applying the other boundary condition σrr|R=Ri = 0 in (3.110) gives the following con-

straint equation:

∆ = 0, (3.111)

where

∆ =
∫ Ro

Ri

(
µ
2

(−ν2R2

λ 2
z r4 +κ2 +

1
R2 )

+(κ cosβ +
1
R

sinβ )2γ(I4−1))RdR. (3.112)

3.3.3 Nonlinear Mechanical Model

One can see from Fig. 3.20 that three variables quantify the deformed configuration: r, λz,

and κ . Because the profile of r can be calculated based on (3.86), variable r can be replaced

by ri to characterize the deformation together with the other two variables. Eq. (3.112) has

provided one constraint equation. The other two require knowledge of the moment T and

axial load P, which are given by the following expressions:

T = 2π
∫ ro

ri

σθzr2dr, (3.113)

P = 2π
∫ ro

ri

σzzrdr. (3.114)

When the end of the tube is not constrained, it follows that T = 0 and P = 0. These two

equations, along with (3.111), provide three nonlinear equations for ri, κ , and λz. One
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finds that: the expression (3.112) is strongly dependent on ri, the expression (3.113) for

T is strongly dependent on κ , and the expression (3.114) for P is strongly dependent on

λz. In general, the numerical analysis to obtain these variables by solving three nonlinear

equations is difficult. Therefore in this thesis, λz, representing the length change ratio in

the axial direction, will be measured and used as a given parameter. Since ∆ and T give

the strongest dependence on ri and κ , the equations ∆ = 0 and T = 0 are retained in the

analysis and numerically solved to obtain ri and κ . By substituting from (3.103), one can

integrate (3.113) and obtain the following expression:

T = µaκ + γ(b0 +b1κ +b2κ2 +b3κ3) = 0, (3.115)

where a, b0, b1, b2 and b3 are terms involving material constants. Similarly one can inte-

grate (3.112) and obtain the expression for ∆ as follows:

∆ = µΩ+ γΓ, (3.116)

where Ω and Γ are also terms involving material properties and λz, κ , and ri, which will not

be listed in this thesis due to the page limitation. The two unknown variables ri and κ can

be obtained by numerically solving the coupled equations ∆ = 0 and T = 0 using (3.115)

and (3.116).

3.3.4 Sample Preparation and Experimental Setup

Three factors are changed during fabrication to study their influence on the performance of

the actuators, which are the PPy thickness, the pitch angle, and the inner radius. Two PPy

thicknesses, 0.381 mm and 0.686 mm, are obtained using different deposition duration.

Two different pitch angles are obtained during the winding process, which are 60 o and 80

o. Two glass tubes with different radii are used to change the inner radii of the tube, which
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are 2.2 and 1.3 mm. Four samples are fabricated that are named Sample 1, 2, 3, and 4.

Their parameters are listed in Table 3.3. The length is kept as 33.5 mm for all four samples.

Table 3.3: Geometric parameters of the samples.
thickness (mm) pitch angles (degree) radius (mm)

Sample 1 0.381 80 1.3
Sample 2 0.381 80 2.2
Sample 3 0.686 80 2.2
Sample 4 0.686 60 2.2

A computer equipped with a DS1104 R&D Controller Board (dSPACE Inc) is used for

data acquisition and processing. A voltage is applied across the PPy tube and the counter

electrode, which is a stainless steel mesh in the experiments. The PPy tube is soaked in

0.1M Li+TFSI− in Propylene Carbonate (PC). Sticky copper film is attached to different

positions of the PPy tube for measurement purposes. Three motion signals are captured to

characterize the tube deformation, which are the inner radius ri, torsional displacement y at

the end of the tube as shown in Fig. 3.21, and the length change at the end of the tube that

equals to λz ·L based on (3.81), where L is the length of the PPy tube. The model-predicted

variables ri and λz can be correlated directly to the measured variables, while κ is obtained

based on the geometric relationship in Fig. 3.21:

y = Rm tan(κ ·L), (3.117)

where y is the measured displacement, and Rm is 4 mm in this thesis.

3.3.5 Experimental Results and Discussions

The quasi-static response is studied by applying a low frequency sinusoidal voltage on the

actuator. The frequency is chosen to be 0.005 Hz to allow the actuator to reach the quasi-

static condition. The sinusoidal voltage amplitude is 3.6 V. Because only one laser sensor is
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Figure 3.21: Experimental setup to measure κ . The copper film is attached perpendicular
to the outer surface at the tube bottom.

available, measurements of inner radius, torsional displacement, and length change are per-

formed separately and then synchronized through the voltage signal. The Young’s moduli

of platinum and PPy are chosen to be 168 GPa and 80 MPa in model prediction [48, 76].

The experimental results for Sample 1, 2, 3, and 4 are listed as follows. It is observed in

experiments that the inner radius and torsional displacement signals have reversed phases.

In particular, when the inner radius decreases, the torsional displacement increases. As

discussed in Sec. 5.2, the length change will be used to obtain λz and taken as a given

parameter to reduce the difficulties in numerical analysis. Therefore the model-predicted

inner radius and torsional displacement are compared with the experimental data for dif-

ferent samples. In general, the model can predict the reversed phase of these two signals.

The model can also predict the response change from different samples. The comparison

between Fig. 3.22 and Fig. 3.25 shows the trend that a larger tube radius leads to a larger

torsional displacement, when other parameters are kept the same. The comparison between

Fig. 3.25 and Fig. 3.28 shows the trend that a thinner tube generates a larger torsional dis-

placement. The comparison between Fig. 3.28 and Fig. 3.30 shows the trend that a smaller

winding angle results in a larger torsional displacement. Therefore the experiments and

model prediction suggest that a configuration with larger radius, thinner tube thickness,
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and smaller winding angle tend to generate large torsional motion.
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Figure 3.22: The torsional displacement of Sample 1 with 0.005 Hz sinusoidal voltage
input.

3.4 Chapter Summary

In the electromechanical domain, a redox level-dependent impedance model was proposed

for conjugated polymer actuators. The model was derived based on a nonlinear partial

differential equation that incorporates the dynamics of ion diffusion, ion migration, and

polymer oxidation, which was linearized using perturbation techniques. The linearized

PDE was solved analytically in the Laplace domain, with proper boundary conditions en-

forced. Comparison with experimental results supported that the proposed model is able

to capture the influence of redox level on the impedance spectrum. The model provides

an effective way to integrate the diffusion and migration effects of ion flux in conjugated
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Figure 3.23: The change of inner radius of Sample 1 with 0.005 Hz sinusoidal voltage
input.

polymers, which used to be treated separately with different models [57, 77]. The pro-

posed model not only contributes to fundamental understanding of the complicated, redox

level-dependent electrochemical behavior, but also holds potential for nonlinear control of

conjugated polymer actuators.

In the mechanical domain, a nonlinear elasticity theory-based framework is proposed

to analyze the bending configuration of a trilayer conjugated polymer beam under different

actuation voltages. Neo-Hookean type strain energy functions are used for the PPy and

PVDF layers of the trilayer beam to capture the nonlinearity under large deformations. For

a constant actuation voltage, the swelling of each PPy layer is determined by the amount

of transferred ions. The bending configuration at the equilibrium is obtained by solving the

force and moment balance equations simultaneously. Experimental results have validated

the effectiveness of the proposed nonlinear model. The method further provides insight into
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Figure 3.24: The change of tube length of Sample 1 with 0.005 Hz sinusoidal voltage input.

the deformation details, such as the change of layer thickness. Similar analysis can be used

for some other EAPs that involve the local volume change (swelling). This is important for

many applications involving large deformations, when the elastic modulus of the material

already becomes nonlinear and linear elasticity analysis does not hold.

A fiber-directed conjugated polymer actuator is fabricated by integrating platinum wires

into conjugated polymer during fabrication. Experiments have demonstrated that the tube-

shaped conjugated polymer actuator can generate torsional deformation, when its volume

is changed by applying an actuation voltage across itself and the electrolyte. Three impor-

tant factors are changed during the fabrication process to make conjugated polymer tubes

with different configurations, including the tube thickness, the tube radius, and the pitch

angle of the platinum wires on the tube. A nonlinear elasticity-based model is utilized to

capture the actuator performance, which holds for both small and large deformations. The

90



0 50 100 150
-4

-2

0

2

4

V
o

lt
a
g

e
 (

V
)

0 50 100 150
-0.02

-0.01

0

0.01

0.02

T
o

rs
io

n
a
l 
d

is
p

la
c
e
m

e
n

t 
(m

m
)

Time (s)

Experimental data

Model prediction

Figure 3.25: The torsional displacement of Sample 2 with 0.005 Hz sinusoidal voltage
input.

model prediction is compared with the experimental data, which has verified the effective-

ness of the nonlinear elasticity-based model. The performance of actuators with different

configurations is compared, which suggests that a configuration with larger radius, thinner

tube thickness, and smaller wounding angles will generate larger torsional motion.
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Figure 3.26: The change of inner radius of Sample 2 with 0.005 Hz sinusoidal voltage
input.
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Figure 3.27: The change of tube length of Sample 2 with 0.005 Hz sinusoidal voltage input.
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Figure 3.28: The torsional displacement of Sample 3 with 0.005 Hz sinusoidal voltage
input.
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Figure 3.29: The change of tube length of Sample 3 with 0.005 Hz sinusoidal voltage input.
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Figure 3.30: The torsional displacement of Sample 4 with 0.005 Hz sinusoidal voltage
input.
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Figure 3.31: The change of inner radius of Sample 4 with 0.005 Hz sinusoidal voltage
input.
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Figure 3.32: The change of tube length of Sample 4 with 0.005 Hz sinusoidal voltage input.
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Chapter 4

Control of Conjugated Polymer

Actuators

4.1 Model Reduction

The full actuation model (2.30) can be rewritten as

y(s)
V (s)

=
Cm

sR+
1

C(1+
√

d
δ
√

s
tanh((h2−h1)

√
s
d
))

, (4.1)

with the constant

Cm
4
=

3ϑL[(h2
h1

)2−1]

8h1(h2−h1)W [(h2
h1

)3 + Epvd f
Eppy

−1]
.

Note that the material dynamics (2.26)is ignored because it is only significant when conju-

gated polymer is operated at high frequencies. High frequency response becomes too weak

to be useful in applications [78]. This can be observed from Fig. 2.17 and 2.18, where the

displacement magnitude drops over 20 dB as frequency increases from 0.3 to 30 rad/sec.

Eq. (4.1) is an infinite-dimensional system due to the term tanh((h2− h1)
√

s
d
), and
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thus is not suitable for real-time control purposes. Utilizing the equality [16]

tanh(
1
2

√
s
z
)

4
√

sz
=

∞

∑
n=0

1
s+π2(2n+1)2z

and letting z =
d

4(h2−h1)2 , one converts (4.1) into

y(s)
V (s)

=
Cm

sR+
1

C(1+ 2d
δ (h2−h1)

∑∞
n=0

1
s+π2(2n+1)2d(2(h2−h1))−2 )

. (4.2)

To understand the rationale behind model reduction, take typical parameters d = 2×10−10

m2/s and h2− h1 = 30 µm. The pole of
1

s+π2(2n+1)2d(2(h2−h1))−2 is at −13.7 for

n = 2, at −26.9 for n = 3, and at −44.4 for n = 4, etc. This indicates that one can obtain

a low-order approximation to (4.2) by ignoring terms associated with large n. In particular,

for a low-frequency input, the approximation will preserve well the behavior of (4.2).

We thus discard terms with n ≥ 2. This results in the following third-order system for

the actuator:
y(s)
V (s)

=
b′1s2 +b′2s+b′3

s3 +a′1s2 +a′2s+a′3
, (4.3)
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where the parameters all have explicit physical meanings:

a′1 =
4D

(h2−h1)δ
+

5π2D
2(h2−h1)2 +

1
RC

,

a′2 =
5π2D2

(h2−h1)3δ
+

9π4D2

16(h2−h1)4 +
5π2D

2(h2−h1)2RC
,

a′3 =
9π4D2

16(h2−h1)4RC
,

b′1 =
Cm

R
,

b′2 =
4DCm

(h2−h1)δR
+

5π2DCm

2(h2−h1)2R
,

b′3 =
5π2D2Cm

(h2−h1)3δR
+

9π4D2Cm

16(h2−h1)4R
.

For typical parameters, (4.3) has one pole and one zero which are located far to the left

of the imaginary axis comparing to other poles and zeros, and therefore the model can be

further reduced to second order with one zero. This is shown next.

The system (4.3) has three poles with explicit expressions [79]:

p1 = 2
√
−Qcos(

θ
3

)− 1
3

a′1 (4.4)

p2 = 2
√
−Qcos(

θ +2π
3

)− 1
3

a′1, (4.5)

p3 = 2
√
−Qcos(

θ +4π
3

)− 1
3

a′1, (4.6)

where

θ = cos−1(
P√
−Q3

),

Q =
3a′2−a′21

9
,

P =
9a′1a′2−27a′3−2a′31

54
.

With typical physical parameters [16], a′1, a′2, and a′3 are all relatively large numbers
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(>> 1). This implies a′21 >> 3a′2 in Q, and 2a′31 >> 9a′1a′2 and 2a′31 >> 27a′3 in P, which

leads to

Q ≈ −a′21
9

, P≈−a′31
27

,

√
−Q ≈ a′1

3
,

θ ≈ cos−1(− a′31 /27√
a′61 /93

) = cos−1(−1) = π.

The poles (4.4) through (4.6) are thus approximately

p1 ≈ 2 · a′1
3
· cos(

π
3
)− a′1

3
= 0,

p2 ≈ 2 · a′1
3
· cos(

3π
3

)− a′1
3

=−a′1,

p3 ≈ 2 · a′1
3
· cos(

5π
3

)− a′1
3

= 0.

Clearly |p2| is very large while |p1| and |p3| are relatively small.

The analysis on the zeros is simpler. The zeros of (4.3) are

z1 =
−b′2−

√
b′22 −4 ·b′1 ·b′3
2b′1

, (4.7)

z2 =
−b′2 +

√
b′22 −4 ·b′1 ·b′3
2b′1

. (4.8)

With typical parameters, the following holds:

4 ·b′1 ·b′3 ¿ b′22 , b2 >> b1,
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which implies

z1 ≈ −b′2
b′1

,

z2 ≈ 0.

Therefore, |z1| is very large while |z2| is relatively small.

A numerical example is provided to illustrate the analysis. Table 4.1 lists the typical

values for the relevant physical parameters. The corresponding system parameters for (4.3)

are:

a′1 = 2.32×103, a′2 = 9.79×103, a′3 = 3.38×103,

b′1 = 0.0667Cm, b′2 = 71.48Cm, b′3 = 195.1Cm,

the three poles are −0.38, −2319, −3.84, and the two zeros are −1069, −2.74.

Table 4.1: Typical values of parameters in the actuation model.
Parameter Value

D 2×10−10 m2/s
h2−h1 30 µm

R 15 Ω
δ 25 nm
C 5.33×10−5 F

When operating in air, the trilayer actuator will dry up due to solvent evaporation. This

implies that the diffusion coefficient D will decay over time. It is thus of interest to see

whether the above analysis on pole/zero locations still holds when D is very small. Fig. 4.1

shows the ratio
min(|p2|, |z1|)

max(|p1|, |p3|, |z2|)

as a function of D, while other parameters are chosen as in Table 4.1. It is clear that even

when D is close to 0, one can safely ignore one pole and one zero of (4.3) [50]. The final
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reduced model for the trilayer actuator thus has the following structure:

y(s)
V (s)

=
B(s)
A(s)

=
b1s+b2

s2 +a1s+a2
. (4.9)

It is expected that despite its simple looking, (4.9) captures the dominant physics of the

actuator within the actuation bandwidth. In particular, all parameters of (4.9) can be related

to fundamental physical parameters for the full model (2.29).
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Figure 4.1: Ratio
min(|p2|, |z1|)

max(|p1|, |p3|, |z2|) as a function of D.

Fig. 4.2 compares the Bode plot of (4.1) and (4.9) using parameters in Table 4.1. The

unmodeled dynamics is bounded in general, and the maximum discrepancy is reached

around 103 rad/sec. However, considering that the actuator is usually operated in the low

frequency range up to a few Hz, the reduced model is a good approximation for control

implementation while capturing the main dynamics.
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4.2 Design of Robust Adaptive Controller

4.2.1 Self-Tuning Regulator

Controller adaptation is desirable for conjugated polymers since their actuation behaviors

can vary significantly over time. Given the model structure (4.9), a self-tuning regulator is

adopted due to its simplicity. The idea is to estimate systems parameters online, and then

construct a controller based on these estimates so that the closed-loop system would behave

like a model system Gm(s) (model-following). Fig. 4.3 illustrates the major components of

a self-tuning regulator. Note that a low-pass filter is used to filter the noises in the output

signal before the output is sent to the self-tuning regulator. The bandwidth is chosen to be

30 Hz to cover the actuation frequency range in experiments.

Conducting

polymer
Controller

EstimationController

design

Reference

Specification

Plant parameters

Controller

parameters

Input Output

Self-tuning regulator

Projection

Figure 4.3: Illustration of the robust self-tuning regulator.

In the estimation step, the recursive least-squares algorithm is chosen to identify pa-

rameters in (4.9) based on the input into and output from the conducting polymer shown as

follows

dθ̂
dt

= P(t)ϕ(t)e(t) (4.10)

e(t) = y(t)−ϕT (t)θ̂(t) (4.11)

dP(t)
dt

= αP(t)−P(t)ϕ(t)ϕT (t)P(t) (4.12)
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where

θ̂ = [â1 â2 b̂1 b̂2]T

ϕT (t) = [− d
dt

L−1[H f y(s)] −L−1(H f y(s))
d
dt

L−1[H f v(s)] L−1(H f v(s))].

A stable transfer function H f is introduced to avoid direct differentiation of the output

signal in estimation

H f =
1

s2 +2s+1
. (4.13)

Note that L−1[∗] means inverse Laplace transform.

The desired transfer function is chosen as

G(s) =
Bm

Am
=

b1ms+b2m

s2 +a1ms+a2m
. (4.14)

A general linear controller is chosen as

RV (s) = Tr(s)−Sy(s), (4.15)

where r(s) is the reference input. R and S are determined by the Diophantine equation

AR+BS = Am (4.16)

to track the desired denominator Am, and Bm is tracked by choosing T . Finally the controller

is obtained as

V (s) =
b1ms+b2m

b̂1s+ b̂2
r(s)− (a1m− â1)s+(a2m− â2)

b̂1s+ b̂2
y(s). (4.17)

In experiments, the desired transfer function parameters are chosen as

a1m = 4,a2m = 4,b1m = 1,b2m = 1.5.
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4.2.2 Parameter Projection

If the model (4.9) were exact, the controller (4.17) in combination with the online param-

eter identifier would lead to asymptotic model-following [37]. However, higher-frequency

dynamics and nonlinearities are not included in (4.9). Measurement noises are not reflected

in the model either. These undesirable factors might lead to instability of the closed-loop

system if no proper steps are taken.

In this thesis parameter projection is adopted as a robustification mechanism for the

self-tuning regulator. From the expressions of the parameters in (4.3), one knows that

the two poles and the zero of (4.9) are all negative, thus the parameters a1, a2, b1, and b2

should all be positive, which are bounded by a small constant m > 0. Furthermore, based on

the given polymer parameters and the knowledge of physical parameters, an upper bound

M > 0 of these parameters can be determined. The update rule (4.10) is thus modified to

incorporate parameter projection:

dθ̂i(t)
dt

=





0 if θ̂i(t) = M and [P(t)ϕ(t)e(t)]i > 0

0 if θ̂i(t) = m and [P(t)ϕ(t)e(t)]i < 0

[P(t)ϕ(t)e(t)]i otherwise

, (4.18)

where θ̂i(t) and [P(t)ϕ(t)e(t)]i denote the i-th components of θ̂ and P(t)ϕ(t)e(t), respec-

tively. Clearly, if θ̂i(0) ∈ [m,M], θ̂i(t) ∈ [m,M], ∀t > 0. In the experiments the values of M

and m are chosen to be M = 1×104, m = 0.001.

One can represent the true output y(s) of the actuator under the input V (s) as

y(s) =
b1s+b2

s2 +a1s+a2
V (s)+∆(s)V (s)+N [V (s)]+w(s). (4.19)

Here ∆(s) represents the unmodeled higher-frequency dynamics, i.e., the difference be-

tween (4.1) and (4.9). Since both (4.1) and (4.9) are stable and have bounded frequency

responses, ∆(s) will be stable and bounded. N [V (s)] denotes the influence of unmodeled
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nonlinearity (e.g., hysteresis). The nonlinearities will be bounded due to the dissipative na-

ture of the materials. In (4.19), w(s) denotes the measurement noise, which is also bounded.

It can be shown [80, 81] that the proposed adaptive control scheme in Section 4.2.1

with parameter projection (4.18) is robust in the presence of bounded unmodeled dynamics

and nonlinearities, measurement noise, and slow and bounded parameter variations; in

particular, all signals in the closed-loop system will be bounded.

4.3 Experimental Results

4.3.1 Measurement Setup

Tracking experiments are conducted to examine the effectiveness of the proposed robust

adaptive control scheme. A trilayer polypyrrole actuator (20× 5× 0.17 mm) is clamped

at one end, where the actuation voltage is applied. The tip displacement is measured by

an OADM 20I6441/S14F laser sensor from Baumer Electric Inc. with resolution of 5 µm.

The controller is implemented in a PC equipped with dSPACE DS1104. The experimental

setup is shown in Fig. 4.4. Before each experiment, an actuator cut with the specified size

is soaked in the electrolyte (TBA+PF−6 in propylene carbonate). The inner porous PVDF

layer thus stores electrolyte, which enables the actuator to operate in air for some time. The

time of continuous in-air operation depends on how fast the stored solvent evaporates, and

without further packaging, it is about 4-5 hours. The experimental temperature and humid-

ity are maintained as 25oC and 27% respectively. For practical applications, the packaging

issue will have to be solved so that the actuator can work in air for much longer time. On

the other hand, the current actuator demonstrates significant time-varying behavior, which

provides a good testbed for verifying the proposed adaptive scheme.

For comparison purposes, a PID controller and a fixed model-following controller are

also implemented. Actuators with same dimensions and same conditions are used for all
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Figure 4.4: Schematic of the experimental setup.

three controllers. The design of the PID controller and that of the model-following con-

troller are also based on the model structure (4.9), while the model parameters are identified

in separate experiments shortly before the tracking experiment starts. The model-following

controller is constructed as in (4.17), except that the controller parameters will not be up-

dated. The PID gains are carefully tuned and verified in Matlab simulation before the

experiments to ensure that the initial tracking errors are within the similar range as those

under other controllers, and the PID controller is

U
E

= 6+
6
s

+0.02s. (4.20)

For each continuous tracking experiment (3-4 hours long), the parameters of the PID con-

troller and the model-following controller remain constant (i.e., non-adapting). Throughout

the experiments, the reference model Gm(s) is chosen to be

Gm(s) =
s+1.5

s2 +4s+4
.
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4.3.2 Results and Discussions

In the first batch of experiments (Batch One), the reference input r(t) = 0.5sin(πt) +

0.5sin(0.2πt)V, and the actuator output y(t) is required to track the desired trajectory

ym(t) = Gm(s)[r(·)](t). The latter contains two frequency components (0.1 Hz and 0.5

Hz) with peak-to-peak variation of 0.62 mm. Each experiment runs continuously for four

hours. Fig. 4.5 shows the tracking results at the beginning of the experiment (t = 0 h),

while Fig. 4.6 shows the results when approaching the end of the experiment (t = 4 h).

To better compare the control schemes, two metrics are defined for the tracking error.

Given a starting time t0 and a constant T > 0, we define the normalized average error ea

ea
4
=

∫ t0+T
t0 |y(t)− ym(t)|dt

∫ t0+T
t0 |ym(t)|dt

, (4.21)

and the normalized maximum error em

em
4
=

maxt∈[t0,t0+T ] |y(t)− ym(t)|
maxt∈[t0,t0+T ] |ym(t)| . (4.22)

Throughout this thesis, T is chosen to be 100 s. Under the robust adaptive scheme, ea drops

from 11% at t0 = 0 h to 7% at t = 4 h, and em drops from 15% to 9% for the same period.

In comparison, ea increases from 7% to 28% under the PID controller, from 7% to 50%

under the fixed model-following controller, and em increases from 8% to 25% under the

PID scheme, and from 10% to 48% under the model-following scheme. Fig. 4.7 shows the

evolution of ea and em, measured and calculated every half a hour, under the three schemes.

It is clear that the robust adaptive control scheme delivers consistent tracking performance

during the four-hour continuous operation, while the tracking performance under the PID

scheme or the fixed model-following scheme deteriorates over time.

A second batch of experiments (Batch Two) is conducted to examine the effectiveness

of the three schemes in tracking trajectories of much larger magnitude. With the reference
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Figure 4.5: Experimental results on trajectory tracking (Batch One), t = 0 h. (a) Achieved
trajectories versus desired one under the three controllers; (b) instantaneous tracking errors
under the three schemes.
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Figure 4.6: Experimental results on trajectory tracking (Batch One), t = 4 h. (a) Achieved
trajectories versus desired one under the three controllers; (b) instantaneous tracking errors
under the three schemes (note the different vertical-axis scales).

113



0 1 2 3 4
0

0.1

0.2

0.3

0.4

0.5

Time (h)

A
v

g
. 

e
rr

o
r 

e
a

Robust adaptive

PID

Model-following

(a)

0 1 2 3 4
0

0.1

0.2

0.3

0.4

0.5

Time (h)

M
a

x
. 

e
rr

o
r 

e
m

Robust adaptive

PID

Model-following

Small displacement 

(b)

Figure 4.7: Normalized average error ea and maximum error em under the three control
schemes (Batch One experiments). (a) Evolution of ea; (b) evolution of em.
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input r(t) = 2.1sin(0.4πt)+2.2sin(0.1πt)V, the desired trajectory ym(t) has peak-to-peak

variation of 3 mm. All three schemes show good tracking performance at the beginning.

The experiment under PID control has to be stopped after 3 hours since at that time the

voltage input exceeds the limit (1.6 V). Fig. 4.8 shows the tracking results when t = 3 h.

Fig. 4.9 shows the evolution of ea and em. The trend is consistent with that in Batch One

experiments. It can be seen that the robust adaptive controller keeps ea under 3.5% and

em under 4% throughout the four-hour experiment. In the mean time ea rises from 5.5% to

8.4%, em from 5.7% to 10%, under the PID controller (in three hours), and ea rises from 5%

to 80%, em from 5.5% to 81%, under the fixed model-following controller (in four hours).

It is also important to compare the control efforts required under the different control

schemes. Low control effort is highly desirable since that leads to long working life for the

conjugated polymer actuator. Fig. 4.10 shows the evolution of the magnitude of voltage

input under each scheme, for both Batch One and Batch Two experiments. The required

voltage increases over time under every scheme, which is due to the deteriorating actuation

capability of the actuator as the solvent evaporates. However, it can be clearly seen that the

voltage input under the adaptive scheme is much lower than that under the PID scheme,

and also lower than that under the model-following scheme most of the time. In the Batch

Two/PID experiment, the polymer actuator was actually damaged and stopped functioning

after 3 hours due to continuous high-voltage (> 1.5 V) actuation.

There is another interesting observation during the experiments that supports the valid-

ity of the reduced model. The effect of solvent evaporation can be incorporated by taking

the diffusion coefficient D→ 0. This leads to p1 → 0, p3 → 0, and z2 → 0, where p1, p3,

and z2 are the poles and the zero of the reduced model (5.2), as defined by (4.4), (4.6), and

(4.8). Fig. 4.11 (a) shows the evolution of the poles and the zero during the Batch One

experiment every half an hour when the adaptive control scheme is adopted. Fig. 4.11 (b)

shows this evolution during 100 seconds after the experiment started for half an hour. It

can be seen that the poles and zero all tend to 0, as predicted by the model.
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Figure 4.8: Experimental results on trajectory tracking (Batch Two), t = 3 h. (a) Achieved
trajectories versus desired one under the three controllers; (b) instantaneous tracking errors
under the three schemes.
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Figure 4.9: Normalized average error ea and maximum error em under the three control
schemes (Batch Two experiments). (a) Evolution of ea; (b) evolution of em.
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Figure 4.10: Evolution of voltage input magnitude under the three schemes. (a) Batch One
experiments; (b) Batch Two experiments.
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Figure 4.11: Identified poles and zero under the robust adaptive control scheme in Batch
One experiment. (a) Evolution over four hours; (b) Evolution over 100 seconds.
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In both Batch One and Batch Two experiments, the reference inputs used contain two

frequency components and are thus persistently exciting of order 4 [37]. This is a necessary

and sufficient condition for correctly identifying the four parameters in (4.9). In practice,

however, the persistent excitation condition may not always hold, and it is of interest to

know whether the robust adaptive scheme still works well in that case. An experiment

is conducted for this purpose, where the reference input r(t) = 2sin(πt) is persistently

exciting of order 2. Fig. 4.12 shows the tracking results under the robust adaptive controller,

at the beginning and the end of four-hour continuous operation, which demonstrates the

capability of the proposed scheme in tracking a non-persistently exciting signal.

4.4 Chapter Summary

A robust adaptive control scheme has been presented for conjugated polymer actuators. The

key to the success of this method is a simple actuator model that is reduced from the full,

infinite-dimensional physical model. Model reduction is based on the knowledge of the ac-

tuation bandwidth as well as typical values of the physical parameters. The reduced model

captures relevant actuation physics and it makes the control design and implementation

easy. Note that the physical-based model provides justification of the specific controller

structure. This is in contrast to pure empirical models obtained through system identifica-

tion, which requires re-identification for different samples. The parameter projection step

in the self-tuning regulator ensures the stability of the closed-loop system in the presence

of noises and unmodeled dynamics. Experimental results have shown that the proposed

scheme is superior to the commonly used PID scheme and to the fixed model-following

scheme in terms of both tracking accuracy and required control effort.
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Figure 4.12: Experimental results of tracking a non-persistently exciting signal under the
robust adaptive controller. (a) Trajectory tracking at t = 0 h and t = 4 h; (b) Tracking errors
at t = 0 h and t = 4 h.
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Chapter 5

Application: Conjugated Polymer

Micropump

5.1 Design and Fabrication of the Micropump

5.1.1 Diaphragm Design

In a typical design of EAP-based pumping diaphragm, one uses a single EAP plate as the

diaphragm to seal the pump chamber directly. The edge of the plate is mechanically fixed

with electrodes on both sides. However, the strain of the middle-plane will be nonzero due

to the restriction at the edge, which implies that a significant portion of energy will be re-

quired to stretch the middle-plane. The latter constrains the displacement of the diaphragm

in the vertical direction. Detailed analysis will be shown in Section 5.2.

A new design is thus proposed here for the generation of large out-of-plane deforma-

tion, as illustrated in Fig. 5.1. A passive membrane with low stiffness is used to seal the

chamber. Then a conjugated polymer plate is cut into the shape of petals and bonded to

this passive layer. When the voltage is applied, the conjugated polymer petals will bend

together to move the elastic diaphragm and generate pressure changes inside the chamber.
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Therefore, it is the passive layer instead of the conjugated polymer that is being stretched,

and one can choose a passive layer material with low Young’s modulus to significantly

reduce the energy required to stretch the middle-plane.

Electrode

Conjugated

polymer

Latex

membrane

Figure 5.1: Schematic of a petal-shape pumping diaphragm (top view). Left: before actua-
tion; right: upon actuation.

5.1.2 Fabrication and Assembly of the Micropump

Fabrication of the trilayer conjugated polymer is achieved by electrochemically oxidizing

pyrrole monomer from a solution to grow PPy layers on either side of a gold-coated porous

PVDF film, by following the similar recipe in [82]. Polydimethylsiloxane (PDMS) is cho-

sen as the material for fabricating the micropump. It is an elastomeric polymer that is much

more compliant than silicon or glass, and it is becoming popular for microfluidic devices.

The Young’s modulus of PDMS varies between 360-870 KPa [83]. Other attractive features

of PDMS include biocompatibility, low cost, and transparent view (which makes it easy to

monitor the fluid flow). The PDMS material is composed of two parts, a curing agent and

the polymer. They are mixed by a certain volume ratio and allowed to cure under a cer-

tain temperature. Therefore, once the micro patterns are fabricated, the inverse patterns of

PDMS can be obtained by applying PDMS on the substrate and peeling it off after it is

cured. SU-8 2150 photoresist is exposed with conventional UV (350-400 nm) radiation to

make micro patterns on a silicon substrate.
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By utilizing the microfabrication method involving PDMS and SU-8, different func-

tional layers of the pump can be fabricated and eventually assembled together. The as-

sembly schematic is shown in Fig. 5.2. Notice that there are four alignment holes at the

corners of PDMS layers for the ease of final assembly. The conjugated polymer actuator

will be positioned at the top of the pump chamber and attached to the PDMS membrane by

applying uncured PDMS as glue.

Section view of

pump chamber

Figure 5.2: The assembly schematic of micropump.
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Flap valves are chosen to keep the directional flow because of their ease of fabrication

and high efficiency to regulate the fluid flow. The mechanism of a flap valve is illustrated

in Fig. 5.3. The end of each flap is attached to the middle layer, which has two channels

covered by the flaps. When a pressure is applied from the top, the flap on the right will be

pushed down and allow the fluid to flow downwards. When a pressure is applied from the

bottom, the flap on the left will be lifted up, and the fluid will flow upwards.

Figure 5.3: The mechanism of flap check valves.

The microfabrication process to make the flap valve layer is shown in Fig. 5.4. Firstly

an SU-8 layer is spun on the silicon substrate. Then a photo mask is used to pattern the

SU-8 through photolithography. After SU-8 is developed and forms the desired pattern,

PDMS is spun on the SU-8 pattern and baked in oven to cure. Finally the PDMS layer is

peeled off from the substrate for assembly. Other functional layers can be fabricated in the

same way.

The assembled micropump is shown in Fig. 5.6. The structure of the micropump can

be observed in the magnified view shown in Fig. 5.6. The size of the pump is 25×25 mm

(top view) and 10 mm (height). The diameter of the diaphragm is 19 mm. The depth of

the pump chamber is 9.8 mm. The micro channels have the diameter of 1 mm. The check

valve flapper is 1 mm thick, 3 mm wide, and 5 mm long.
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SU-8 PDMS Si

spin on SU-8

pattern SU-8 with 

photo mask

spin on PDMS

peel off PDMS

Figure 5.4: The microfabrication process to make a flap valve.

5.2 Physics-based, Control-oriented Model for the Pump

Because PPy has sophisticated electrochemomechanical dynamics that can vary signifi-

cantly over time [6], a model that captures the complicated dynamics yet amenable to con-

trol design is important for applying advanced control algorithms to deliver accurate and

consistent flow rates for different applications. As shown in Fig. 5.7, the developed model

in this thesis consists of three cascaded modules: 1) the electrical admittance module of
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(a)

Inlet

Outlet Conjugated

polymer

(b)

Figure 5.5: (a) The assembled micropump (top view); (b) The assembled micropump (bot-
tom view).

Alignment holes

Outlet

Inlet

Chamber

Check valves

Electrode

Figure 5.6: A magnified view of the micropump to show the structure.
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PPy relating the current I (and thus the charge transferred) to the voltage input U ; 2) the

electromechanical coupling module of PPy expressing the generated strain εm in terms of

the transferred charge; and 3) the mechanical module connecting the generated strain to the

diaphragm curvature κ or flow rate Φ of the pump, which captures the dynamics of both

the PPy membranes and the flap valves. In this thesis, the modules 1) and 2) follows those

in Section 2 and therefore will only be briefly reviewed. Module 3) is derived based on an

energy-based method, which will be elaborated in detail.

Admittance

Module

Electromechanical

Module

Mechanical

Module

V I Y

Figure 5.7: The complete model structure for conjugated polymer actuators.

5.2.1 Electrical Admittance Module of PPy

A diffusive-elastic-metal model was proposed for PPy, where it was assumed that the poly-

mer matrix is perfectly conducting and the ion transport within the polymer is solely deter-

mined by diffusion [16]. It was adapted to model the ions dynamics in the trilayer beam [6].

The admittance model of a trilayer conjugated polymer was derived as [6]

I(s)
U(s)

=
s[
√

D
δ tanh(h

√
s/D)+

√
s ]

√
s

C +Rs3/2 +R
√

D
δ s tanh(h

√
s/D)

, (5.1)

where U(s) and I(s) are the applied voltage and the resulting current in the Laplace domain,

respectively, s is the Laplace variable, δ is the double layer thickness, D is the diffusion

coefficient, R is the resistance across the trilayer polymer, C is the double-layer capacitance,

and h is the thickness of the PPy layer. This infinite-dimensional system can be reduced to

the following second-order transfer function

I(s)
U(s)

≈ K · s(s+ z1)
(s+ p1)(s+ p2)

, (5.2)
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where the parameters are functions of physical parameters [6], which are either known or

measurable.

5.2.2 Electromechanical Coupling of PPy

The anions transferred to the polymer cause expansion of the polymer. It can be shown that

the strain εm introduced by the volumetric change is proportional to the density ρ of the

transferred charges [16]:

εm = αρ , (5.3)

where α is the strain-to-charge ratio, which varies for different anions. PPy doped with

TFSI− is used in this thesis, and the strain-to-charge ratio is estimated to be 7× 10−10

m3 ·C−1.

Because the double-layer capacitance is much smaller than the bulk capacitance of

the PPy polymer, the charges stored in the double layer at the steady state is negligible

comparing with those in the bulk. Therefore one can obtain the density ρ(s)

ρ(s) =
I(s)

s ·A ·h , (5.4)

where A is the area of PPy.

5.2.3 Mechanical Module of the Micropump

Given the actuation strain εm in the PPy layers, an energy-based method is used to model

the deformation of the pump diaphragm and consequently the flow rate. In this method the

equilibrium of a mechanical structure is obtained by minimizing a properly defined total

energy, and such as approach has been taken to predict the curvature of a composite plate

generated by the strain mismatch in different layers [47, 84, 85].

In the following, we first discuss the common framework that applies to both a clamped
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whole diaphragm and a petal-shape PPy actuated diaphragm (simply called petal-shaped

diaphragm hereafter), and then specialize the discussion to individual cases. There are two

relevant energy terms: the elastic energy stored and the work done to the fluid.

The elastic energy of actuation diaphragm will be calculated based on mechanics of

constitutive modeling. The analysis holds for both the whole diaphragm and the petal-

shaped diaphragm cases, because the infinitesimal elements in both cases experience radial

and transverse strains as defined in Fig. 5.8. The diaphragm bends as a result of the de-

formation of all these elements. The difference between the two cases is that the midplane

strain ε0 depends on the diaphragm curvature κ in the whole diaphragm case because of

the edge constrains of the edges, while in the petal-shaped diaphragm case the curvature is

not related to the middle plane strain. The latter releases the constrains on the curvature κ

from the clamped edge.

rr

Figure 5.8: Definition of the principal strains.

For small deflection, the principal strains defined in Fig. 5.8 can be expressed as follows

[47]:

εrr =
du
dr
− z

d2w
dr2 + εs, (5.5)

εθθ =
u
r
− z

r
dw
dr

+ εs, (5.6)

where z is the axis in the thickness direction, εs is the swelling strain in different layers (εm

in the oxidized PPy layer, −εm in the reduced PPy layer, and 0 in the PVDF layer), u(r)

and w(r) are the radial and transverse displacements of points in the midplane. Notice that

for the case of a petal-shaped diaphragm, there is a very thin PDMS layer underneath the

conjugated polymer to seal the chamber, but the Young’s modulus of PDMS used in this
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thesis is 0.5 MPa, which is much smaller than the Young’s modulus of PPy (60 MPa) and

PVDF as (612 MPa) [11]. Therefore, the influence of the PDMS layer on the conjugated

polymer deformation is ignored, and the midplane is taken to be the middle plane of the

PVDF layer.

The displacements u(r) and w(r) in the midplane can be expressed as

u = ε0r, (5.7)

w =
κr2

2
, (5.8)

where ε0 represents the strain of the midplane, and κ is the curvature of the plane as shown

in Fig. 5.9.

r

( )w r

( )u r

Z

PPy

PVDF
PPy

2h

1
h

0
r

Figure 5.9: The coordinates and geometry definition.

Substituting (5.7) and (5.8) into (5.5) and (5.6), one obtains the following expression

εrr = εθθ = ε0− z ·κ + εs. (5.9)

The corresponding strain energy density is:

Ψ(r,z) =
Ei

2(1−ν2
i )

(ε2
rr + ε2

θθ +2νiεrrεθθ )

=
(1+νi)Ei

1−ν2
i

(ε0 + εs− z ·κ)2, (5.10)
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where Ei and νi are Young’s modulus and Poisson ratio of the material in the i-th layer,

which are notated as EPPy and νPPy for the PPy layers, EPV DF and νPV DF for the PVDF

layer. Finally the total strain energy of the trilayer conjugated polymer is obtained by

superimposing three energy densities and integrating over the volume

Welastic =
∫ π

−π

∫ r0

0
[
∫ −h1

−h2

(1+νPPy)EPPy

1−ν2
PPy

(ε0− εm− z ·κ)2dz

+
∫ h1

−h1

(1+νPV DF)EPV DF

1−ν2
PV DF

(ε0− z ·κ)2dz

+
∫ h2

h1

(1+νPPy)EPPy

1−ν2
PPy

(ε0 + εm− z ·κ)2dz]rdrdτ, (5.11)

where r0 is the undeformed diaphragm radius. Since the whole diaphragm and the petal-

shaped diaphragm have the same radius under undeformed configuration, r0 is used in both

cases.

In the whole diaphragm case, the curvature denoted as κ is assumed to be uniform

when the diaphragm displacement is small. The geometrical relationship is illustrated in

Fig.5.10, where the solid curve represents the sectional view of the middle plane of the

deformed diaphragm. The angle θ is obtained as

θ = arcsin(κr0). (5.12)

One can obtain the strain in the middle plane as

ε0 =
θ
κ − r0

r0
=

θ
κr0

−1, (5.13)

which relates ε0 and κ .

Since the deformation of the diaphragm will generate the chamber pressure, the work

done by the chamber pressure needs to be considered in the energy based method. Consid-

ering an incompressible fluid, we have the following equation from the mass conservation
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0
r

1

Figure 5.10: Illustration of the geometrical relationship in (5.12) and (5.13), R =
1
κ

.

principle,

ρV = ρ
∫ t

0
(Φin(τ)−Φout(τ))dτ, (5.14)

where ρ is the density of the fluid, Φin and Φout are the flow rates at the inlet and outlet,

respectively, with the unit of m3/s. The relationship between the chamber pressure p and

the flow rates is modeled as follows:

d p
dt

=
1

Cc
(Φin−Φout), (5.15)

where Cc is the chamber capacitance that can be determined experimentally with the unit

of m3/Pa [86]. Combining (5.14) and (5.15), one can obtain

p =
V
Cc

, (5.16)

where p|t=0 is considered as 0, since there is no initial net pressure in the chamber. There-
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fore, one can express the work done by the diaphragm as

Wp = 2π
∫ r0

0

∫ w

0
p(τ)dτrdr

=
2π
Cc

∫ r0

0

∫ w

0
V dτrdr. (5.17)

The total energy is W = Welastic +Wp. The equilibrium is reached when
dW
dκ

= 0 in

the whole diaphragm case, since κ is the only independent variable. In the petal-shaped

diaphragm case, the equilibrium is reached when
∂W
∂ε0

= 0 and
∂W
∂κ

= 0.

In order to obtain the explicit expressions for both cases, firstly the volume change in the

chamber is calculated for the whole diaphragm and petal-shaped diaphragm respectively.

In the case of the whole diaphragm, the volume change can be characterized as a dome’s

volume

V =
π
6

h0(3r2
0 +h2

0), (5.18)

where h0 is the height of the dome that equals R−
√

R2− r2
0 based on the geometry. Sub-

stituting this expression into Eq. (5.18), one has

V =
π
3
(R−

√
R2− r2

0)(R
2 + r2

0−R
√

R2− r2
0)

≈ πr4
0

6
κ, (5.19)

where the approximation is based on the Taylor series expansion at
r2

0
R2 = 0 for

√
1− r2

0
R2 ,

since the small deflection of the diaphragm implies that RÀ r0.

Substituting (5.19) into (5.17), one can obtain the expression of Wp and consequently

W . The equilibrium is reached when
dW
dκ

= 0 in the whole diaphragm case, since κ is the
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only variable. The equation of
dW
dκ

= 0 can be rearranged as follows:

−36C2
1r2

0h2
2 +(1−κ2r2

0)[
πr7

0
32Cc

κ2 +(C2−C1)r0h3
1κ2

+C1r0h2
2(h2κ−3εm)κ +3C1r0h2

1εmκ−6C1r0h2]2 = 0, (5.20)

where

C1 =
(1+νPPy)EPPy

1−ν2
PPy

,C2 =
(1+νPV DF)EPV DF

1−ν2
PV DF

,

The curvature κ can be obtained by numerically solving this polynomial and appropriately

choosing the root.

In the petal-shaped diaphragm case, the expressions of volume change V and work Wp

are different. As illustrated in Fig. 5.10, the following geometric relationship holds for the

petal-shaped diaphragm when the deflection is small,

2θ · 1
κ

= r0, (5.21)

which implies

sinθ ≈ θ =
r0κ
2

. (5.22)

The volume change in the petal-shaped diaphragm case can be approximated by the shad-

owed volume (a top-off cone) in Fig. 5.12 under the assumption of (5.22)

V =
π
2
(r2

0 +(r0− sin2θ · r0)2) ·2sin2 θ · r0

≈ πr4
0κ
4

. (5.23)

The displacement ξ defined in Fig. 5.11 is expressed as

ξ = sinθ · r0 ≈
r2

0κ
2

. (5.24)
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x
r

0

x

1

Clamped

Figure 5.11: Geometric relationship in the calculation of the volume V and the work done
by the diaphragm.

The displacement at each point of the diaphragm is defined as ξx in Fig. 5.11, which can be

expressed in terms of x and ξ as

ξx =
x
r0

ξ =
xr0κ

2
. (5.25)

Deformed

configuration

Original

configuration

Figure 5.12: Illustration of the volume change under the actuation voltage for the petal-
shaped diaphragm.

By substituting (5.23) into (5.17), one can express the work done by the diaphragm as

Wp = 2π
∫ r0

0

∫ ξx

0
p(τ)dτrdr

=
π2r8

0κ2

12Cc
. (5.26)
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The equilibrium is reached when
∂W
∂ε0

= 0 and
∂W
∂κ

= 0. Since

∂W
∂ε0

= 4πr2
0ε0[C1(h2−h1)+C2h1], (5.27)

∂W
∂κ

= −4πr2
0[C1εm(h2

2−h2
1)−

C1κ(h3
2−h3

1)
3

−C2κh3
1

3
]

+
π2r8

0κ
6Cc

, (5.28)

the equilibrium is:

ε0 = 0, (5.29)

κ =
3C1εm(h2

2−h2
1)

C1h3
2−C1h3

1 +C2h3
1 + πr6

0
8Cc

. (5.30)

Eq. (5.30) captures the static deformation of the diaphragm in terms of εm. The material

damping effect is introduced as (2.26) to incorporate the dynamics during the deformation

process. The values of parameters in (2.26) are kept the same for both PPy and PVDF.

Other damping effects in the pump, such as the flap valve damping, are captured by using

the equivalent chamber capacitance that includes a damping term

C′c(s) =
Cc

1+CcRcs
, (5.31)

where Rc represents the equivalent damping resistance with the unit of Pa · s/m3.

Thus one can write (5.30) in the Laplace domain as

κ = H(s) · εm, (5.32)

where

H(s) =
3C1(h2

2−h2
1)

C1h3
2−C1h3

1 +C2h3
1 + 3πr5

0
8Cc′

,
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and C1, C2, and Cc′ are the frequency-dependent terms, because the Young’s moduli in

(5.30) are replaced by the ones in (2.26).

5.2.4 Complete Model

One can obtain the complete model for the petal-shaped diaphragm in an analytical form

by combining (5.2), (5.3) and (5.32), which is shown as follows:

κ(s)
U(s)

=
αK · (s+ z1)H(s)

A(h2−h1) · s(s+ p1)(s+ p2)
. (5.33)

Note that h = h2− h1 in (5.2). However,the complete analytical model for the whole di-

aphragm is not easy to obtain due to the complexity of (5.20). Therefore, the model pre-

diction in that case is obtained by numerically solving (5.20).

Considering (5.14) and (5.23), one gets

Φin−Φout =
πr4

0
4
· s ·κ . (5.34)

Combining (5.33) and (5.34), one can furthermore obtain the transfer function model from

the voltage input to the flow rate:

Φin(s)−Φout(s)
U(s)

=
πr4

0αK · (s+ z1)H(s)
4A(h2−h1) · (s+ p1)(s+ p2)

. (5.35)

5.3 Experimental Results

A trilayer PPy circular actuator is used in the experiments, with the radius r0 of 10 mm. The

curvature is measured by a laser sensor (OADM 20I6441/S14F, Baumer Electric Inc) with

a resolution of 5 µm. The model parameter R is identified by applying a high-frequency

(100 Hz) sinusoidal input U sin(ωt). From (2.12), the impedance approaches R as ω → ∞.

To measure the parameter C, a step voltage is applied and the transferred charge into the
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PPy layer is computed by integrating the charging current. The calculation details can

be found in [6]. Finally, the resistance and capacitance are identified to be: R = 27 Ω,

C = 8.69× 10−5 F. The diffusion coefficient D is chosen to be 2× 10−10 m2/s based on

[16]. The double-layer thickness δ is estimated to be 25 nm based on [18].

5.3.1 Admittance

Since cutting does not influence the electrical property of conjugated polymer, (2.12) is

used to predict the admittance of both the whole diaphragm and the petal-shape diaphragm.

The comparison is shown in Fig. 5.13, where a good match of admittance is seen between

the model and the experimental results.
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Figure 5.13: Comparison of model prediction from (2.12) with the experimental results for
the whole diaphragm and the petal-shaped diaphragm.
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5.3.2 Displacement

In experiments the displacement at the center of the diaphragm is measured by a laser

distance sensor. The predicted curvature of the petal-shape diaphragm from (5.33) is used

to calculate the displacement based on the following equation [6]:

y =
κ l2

2
, (5.36)

where l is the distance between the clamped end and the laser incident point when the beam

is at rest, which is r0 minus 1 mm in the setup.

The predicted displacements for the petal-shape diaphragm are compared with the ex-

perimental results when there is no water in the pump (Fig. 5.14) and when pumping water

(Fig. 5.15). There the actuation voltage applied is sinusoidal with an amplitude of 4 V and

with different frequencies. All the other parameters in (5.33) are given or identified in the

previous admittance model experiments. Cc and Rc can be determined by fitting the exper-

imental data for petal-shaped diaphragm. They are identified as Cc = 1.02× 10−8 m3/Pa

and Rc = 3×108 Pa · s/m3. To predict the results when there is no water in pump, the pa-

rameters Cc and Rc are set to be ∞ and 0 respectively, which sets the fluid energy to be zero

to eliminate the fluid energy term. Thus the curvature is merely determined by the equi-

librium of elastic energy. The experimental results for the whole diaphragm case are also

compared with the numerical solution of (5.2), (5.3), and (5.20). The result when there is

no water is shown in Fig. 5.16, while the result when pumping water is shown in Fig. 5.17.

The actuation voltage is 4 V. It can be seen that the petal-shaped diaphragm can generate

almost 10 times larger displacment than the whole diaphragm when there is no water in

the chamber. When pumping water, the displacement of the petal-shaped diaphragm is al-

most 3 times larger than the whole diaphragm. These experimental results here proved the

effectiveness of the petal-shaped diaphragm design in alleviating the constrains from the

clamped edge.
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Figure 5.14: Comparison of model prediction from (5.33) with the experimental results for
the petal-shaped diaphragm when there is no water (actuation voltage amplitude 4 V).

5.3.3 Flow Rate

The flow rates of the petal-shaped diaphragm pump are measured and compared with the

model prediction (5.35) for an actuation voltages of 3 V (Fig. 5.18) and 4 V (Fig. 5.19). It

can be seen that the model can predict the experimental results well under different input

voltages. The frequency to achieve highest flow rate is 0.5 Hz, which is also predicted well

by the model. When the frequency of the input voltage is low, the flow rate is small due

to the slow movement of the pump. The flow rate will increase as operating frequency

increases. However, the flow rate will decrease as frequency becomes higher, because of

the damping effect of the flap valves and the declining response of conjugated polymer

actuator at high frequencies. Thus the model (5.35) can facilitate the design optimization

and the feedback control of the flow rate.

we have also tested the pumping performance of the whole diaphragm. However, the
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Figure 5.15: Comparison of model prediction from (5.33) with the experimental results for
the petal-shaped diaphragm when pumping water (actuation voltage amplitude 4 V).
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Figure 5.16: Comparison of model prediction with the experimental results for the whole
diaphragm when there is no water by numerically solving (5.20) (actuation voltage ampli-
tude 4 V).
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Figure 5.17: Comparison of model prediction with the experimental results for the whole
diaphragm when pumping water by numerically solving (5.20) (actuation voltage ampli-
tude 4 V).
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flow rate is barely observable in that case.
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Figure 5.18: Flow rate of the micropump at different frequencies when input voltage mag-
nitude is 3 V.

5.4 Chapter Summary

In this thesis, circular conjugated polymer actuators are investigated for potential microp-

ump applications. A petal-shaped diaphragm design is proposed to alleviate the constrains

from the clamped edge. An analytical model is proposed that captures the relationship

between the actuation voltage and the diaphragm deformation/flow rate. Experiments are

conducted to verify the model and identify the parameters. The largest flow rate achieved

in the current experimental setup is 1260 µL/min, when the operating frequency is 0.53 Hz.

For comparison, modeling analysis and experiments are also conducted on the whole di-

aphragm case. The model predicted much smaller diaphragm deformation compared with

the petal-shaped diaphragm, which is also verified in experiments.
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Chapter 6

Conclusion

In this dissertation, we have focused on modeling, control, and application of conjugated

polymer actuators and sensors. Experiments have been conducted to validate the modeling

approach. Model-based control strategies are then proposed to control conjugated polymer

actuators. The application of conjugated polymer in micropump is investigated from both

modeling and experiment perspectives.

The contributions of this dissertation on the modeling aspect include two main parts.

The first part is the development of a scalable, low-order transfer function model for con-

jugated polymer actuators that captures the major sophisticated electrochemomechanical

dynamics, but is still control-oriented and therefore suitable for real-time control. This

model is obtained by ignoring high-frequency dynamics in an infinite-dimensional model.

The proposed model provides the theoretical basis for the adaptive control scheme.

The second part is modeling of the nonlinearities existing in electrical and mechanical

domains. The coupling of redox level change with ions migration in conjugated polymer is

considered as the main source of nonlinearity in electrical dynamics. A partial differential

equation (PDE) that governs its electrochemical dynamics is proposed and solved to ad-

dress the nonlinear electrical property of conjugated polymer. The mechanical nonlinearity

of conjugated polymer actuator is also investigated. Instead of using the elastic modulus
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as in the linear elasticity theory, we use a nonlinear strain energy function to capture the

stored elastic energy under actuation-induced swelling, which further allows us to compute

the induced stress even under large actuation voltage. The proposed framework can also be

applied to the analysis of large deformations in some other electroactive polymers.

We have presented a fiber-directed conjugated polymer actuator that can generate tor-

sional motion, which is due to the anisotropy associated with the interaction between the

fiber and the material matrix. The nonlinear elasticity-based model is utilized to capture

the actuator performance. The effectiveness of the model is verified through comparison

with experimental results.

Besides modeling on actuation performance of conjugated polymer, the electromechan-

ical sensing behavior of conjugated polymer is experimentally characterized and mathemat-

ically modeled as well. A theory for the sensing mechanism is proposed by postulating that,

through its influence on the pore structure, mechanical deformation correlates directly to

the concentration of ions at the PPy/PVDF interface. This provides a key boundary con-

dition for the partial differential equation (PDE) governing the ion diffusion and migration

dynamics. An analytical model is then obtained in the form of a transfer function that

relates the open-circuit sensing voltage to the mechanical input.

We have proposed an effective adaptive control strategy for conjugated polymer actu-

ators based on our control-oriented model. A recursive least-squares algorithm is used to

identify online the parameters of the transfer function model, which captures the essential

actuation dynamics that varies significantly with time. A self-tuning regulator is designed

based on the identified parameters to form the closed-loop control system. A parameter

projection step ensures that the parameter estimates stay within the physically-meaningful

region, and thus makes the system robust against noises and unmodeled dynamics.

The application of conjugated polymer as a micropump is investigated. We have pro-

posed a diaphragm micropump actuated by conjugated polymer in a petal-shape design to

alleviate the edge constrains. Transfer function models from the actuation voltage to the
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diaphragm deflection and flow rate are obtained. The pump body is fabricated through

MEMS fabrication process to miniaturize the pump size. Experiments are conducted to

evaluate the micropump performance. The effectiveness of the transfer function models

are also verified by the experiments, which will facilitate design optimization and the use

of feedback control tools in dealing with the complicated behavior of conjugated polymer

actuators.

There are several interesting directions to expand the work in this dissertation.

Firstly, although adaptive control scheme we proposed has shown its superiority in

overcoming the time-varying effects, its application is constrained in the linear range. The

actuation voltage magnitude has been tuned small so that the change of redox level with

actuation voltage can be ignored. The nonlinearity will impair the performance of the con-

trol system based on the linear model. We have proposed nonlinear models to capture

the significant nonlinearities in conjugated polymers in both electrical and mechanical do-

mains. An interesting research direction is to apply nonlinear control schemes based on the

nonlinear models of conjugated polymer actuator to achieve better performance, when the

nonlinearities become significant, i.e., large deformation under large actuation voltage.

Another direction is to further pursue the application of conjugated polymer in mi-

crofluid medical devices that are experiencing significant development recently. A microp-

ump based on conjugated polymer actuator has been investigated in this dissertation. We

have built and tested the prototype of micropump. The model relating the flow rate to

the actuation voltage is also proposed. It is meaningful to design feedback control system

based on the proposed model to overcome the performance decaying of conjugated poly-

mer, which would allow the conjugated polymer micropump to deliver desired and accurate

fluid for a long period of time.
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